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LAPLACE TRANSFORMS

1. Introduction:

A transformation is mathematical operations, which transforms a mathematical expressions into another
equivalent simple form. For example, the transformation logarithms converts multiplication division, powers
into simple addition, subtraction and multiplication respectively.

The Laplace transform is one which enables us to solve differential equation by use of algebraic methods.
Laplace transform is a mathematical tool which can be used to solve many problems in Science and Engineeing.
This transform was first introduced by Laplace, a French mathematician, in the year 1790, in his work on
probability theory. This technique became very popular when heaveside funcitons was applied ot the solution
of ordinary differential equation in electrical Engeneering problems.

Many kinds of transformation exist, but Laplace transform and fourier transform are the most well known.
The Laplace transform is related to fourier transform, but whereas the fourier transform expresses a function
or signal as a series of mode of vibrations, the Laplace transform resolves a function into its moments.

Like the fourier transfrom, the Laplace transform is used for solving differential and integral equations. In
Physics and Engineering it is used for analysis of linear time invariant systems such as electrical circuits,
harmonic oscillators, optical devices and mechanical systems. In such analysis, the Laplace transform is
often interpreted as a transformation form the time domain in which inputs and outputs are functions of
time, to the frequency domain, where the same inputs and outputs are functions of complex angular frequency
in radius per unit time. Given a simple mathematical or functional discription of an input or output to a
system, the Laplace transform provides an alternative functional discription that often simplifies the process
of analyzing the behaviour of the system or in synthesizing a new system based on a set of specification. The
Laplace transform belongs to the family of integral transforms. The solutions of mechanical or electrical
problems involving discontinuous force function are obtained easily by Laplace transforms.

1.1 DEFINITION OF LAPLACE TRANSFORMS

Let f(t) beafunctions of the variable t which is defined for all positive values of t. Let s be the real constant.
If the integral Te‘“ f (t)dt exist and is equal to F(s), then F(s) is called the Laplace transform of f (t) and is
0
denoted by the symbol L[ f (1)].
ie L[f(t)]= Te'“ f (t)dt=F[s]
0

The Laplace Transform of f (t) is said to exist if the integral converges for some values of s, otherwise it does
not exist.

Here the operator L is called the Laplace transform operator which transforms the functions f (t) into F(s).
Remark: LimF(s)=0
S—>w

1.2. Piecewise continuous function:

Afunction f (t) is said to be piecewise continuous in any interval [a, b] if it is defined on that interval, and

the interval can be divided into a finite number of sub intervals in each of which f (t) is continuous.



In otherwords piecewise continuous means f (t) can have only finite numer of finite discontinuities.
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Figure 1.1

An example of a function which is periodically or sectional continuous is shown graphically in Fig 1.1. above.

This function has discontinuities at t,t, and t,.

1.3. Definition of Exponential order:

Afunction f (t) is said to be of exponential order if Lime ™™ f (t) =0.

t—oow

1.4. Sufficient conditions for the existence of the Laplace Transforms :

Let f(t) be defined and continuous for all positive values of t. The Laplace Transform of f (t) exists if the
following conditions are satisfied.

(i) f(t) is piecewise continuous (or) sectionally continuous.
(iiy f(t) should be of exponential order.

1.5. Seven Indeterminates

1. % 4. 00 X 00 7. 0°
o0

2. - 5 1”°

3. Oxw 6. oo’

Example:

Check whether the following functions are exponential or not (a) f (t) = t2 (b) f(t)= etz

Solution:

(a) f()=t"

By the definition of exponential order
Lime ™ f(t)=0

t—oow

= Lime™ -t?

too

2

) 0
=>Lim— = (_j which is indeterminate form
t—owo e 0



Apply L - Hospital Rule

. 2t o0
LIm———=| — | which is indeterminate form
t—>w e> xS o0

Again apply L - Hospital Rule.

2
= Lim—--e™ =0 (finite)

tow g

= Lim—
t>o g eSt

~.Lime™ -t* =0 (finite numbers)

t—oow

Hence f(t) = t2 is exponential order.

(b) f(t)=¢"
Solution:

By the definition of exponential order.

= Lim e f(t)=0

t—o0

—st+t? ®

R 2 R
— Lim e*.e" = Lim e —e” =0

t—o t—ooo
S f@) = et is not of exponential order.

2. Laplace Transform of Standard functions:

(1) Provethat L[e *]= where s+a >0 or s>-a

S+a

Proof:
By definition L[ f (t)] = [e ™ f (t)dt
0
L[e—at] — je—st 'e_atdt
0
—t(s+a)dt

e—t(s+a) *® 1 B
] )

1

S+a

:]:e
{-

1
s+a

Hence | [e '] =



2. Provethat L[e™]=—— where S>a
S—a

Proof:

By the defn of L[ f (t)] = [~ f (t)dt
L[e+at] — J'e—st 'eatdt
0

= Te“s‘a)‘dt
0

~ |:_e—(s—a)t j|
S—a 0

Hence L[eat] = L
S—a

3. L(cosat) = j e ™ cosat dt
0

et ) ®
=| = (-scosat +asinat)
s +a o

1
s?+a’
s
S s?+a’

:0—

(=s)

ax

- [ e sinbxdx = 7 pzasinbx—bcosbx]

ax

[acosbx +bsinbx]

J'eaX cosbxdx = Y

Hence L(cosat) =

s’+a’

4. L(sinat) = je‘s‘ sinat dt
0

0

—st
={ 2e 2(—ssinat—acosat)}
s +a

1
s’+a

0

=0- (0-a)

2

L(sinat) = L



5. L(coshat) :%L(eat +e™%)

_E(L+L]_£ s+a+s—a]
“2s-a s+a) 2\ (s+a)(s-a)

L(coshat) = ———
s‘—a

6. L(sinhat) :%L(ea‘ _e®)

1( 1 1 j
= — 4 —
2{s—-a s+a
1 (s+a)—(s—a)]
~ 2\ (s—a)(s+a)

L(sinhat) =

s —a?

7o L@)=[e 1dt
0




8. L(t")=[e"tdt
0

) e—St © o - e—St
o] el

—(0-0) +2 [ersit ot
0

LTS
S

L(t") :EL(t”‘l)

L(tn—l) — nT_l L(tn—2)

L(t) =§L(t2)

L(t%) :§L(t)

Leynn-tn-2 321

S S S S SS
n! nt 1
=—L|l|l=—-=
SL= 5

n!
Sn+1 or n+1

L(t") =

In particular n=1,2,3.....

1
we get L(t):s_2
2!
L(t2 28—3
3!
L(t}) ==
( S

2.1. Linear property of Laplace Transform
Lo L(F®)£g®) = L(f (1) =L(g(t)
2. L(Kf(t) = KL(f (1)

Proof (1) : By thedefn of L.T



L[ f(t)] Te‘s‘f(t)dt
LIFO£g0)]= [ [t O+ 9]

:T S ()dt+ j e %g(t)dt

L[f®]£L [g(t)]

Hence L[ f (1) = g(t)]= L[ f(1)]+L[g(t)]

)

L[Kf (t)]=KL[f(®)]
By the defn of L.T

L[Kf (t)] = Te‘“ Kf (t)dt

=K j e f (t)dt
0

=KL[f(®)]

Hence L[Kf (t)] = KL[ f (t)]

2.2. Recall
1. 2sin Acos B =sin(A+ B) +sin(A—B)
2. 2cos Asin B =sin(A+ B) —sin(A— B)
3. 2c0s Acos B =cos(A+ B) +cos(A—B)
4. 2sin Asin B =cos(A—B)—cos(A+ B)
5. sin? A= 1ZC0S2A

2
6. cos? A—iTCOSZA
7. sin3A=3sin A—4sin’® A
8. C0s3A=4cos’ A—3cos A
9.  sin(A+B)=sin AcosB +cos Asin B
10.  sin(A—B) =sin Acos B —cos Asin B
11.  cos(A—B)=cos AcosB +sin Asin B
12.  cos(A+B)=cos Acos B—sin Asin B



3.1 Problems :

1 Find Laplace Transform of sin’t

Solution :

L(sin’t) = L(—l‘COSZt]

2

= % L(1—cos2t)

_1f1 s
2ls s?+4

2. Find L(cos’t)
Solution:

we know that cos3A=4cos® A—3cos A

hence  cos® A= Ecos A+ Ecos 3A
4 4
L(cos’t) = % L(3cost + cos3t)

1( 3s S ]
=— +
4(s?+1 s?+9

3. Find L(sin3tcost)
Solution:

we know that sin Acos B :%(sin(A+ B) +sin(A-B))

hence  Sin3tcost = %(Sin 4t +sin 2t)
L(sin3tcost) = % L(sin 4t +sin 2t)

1 4 2 ]
5 =2 T2
2\s"+16 s"+4
2 1
~ 2 T2
s°+16 s"+4
4. Find L(sintsin 2tsin 3t)
Solution :

we know that sintsin 2tsin 3t = sint%(cost —C0s 5t)
= lsintcost —i(sint0035t)
2 2
= lsin 2t —i(sin 6t —sin 4t)
4 4

L(sintsin2tsin3t) = % L(sin 2t +sin 4t —sin 6t)

1[ 2 4 6 }
= — + —
4|s*+4 s*+16 s*+36



5. Find L(1+e™ —5e*)

Solution :

L[1+e™ -5e* |=L[1]L[e™ [+5L[e" |

6.  Find L(3+e® +sin2t—5cos3t)

Solution :

L(3+e™ +sin2t—5co0s3t) =3L(1) + L(e®) + L(sin 2t) —5L(cos 3t)

1 1 2 5s
=3-—+ o
S s—-6 s°+4 s°+9

7. Find L(sin(2t+3))

Solution :

L(sin(2t +3)) = L(sin 2t cos 3+sin 3cos 2t)
= cos3L(sin 2t) +sin3L(cos 2t)

=c0s3

——+sin3—
s°+4 s°+4

8.  Find L(sin 4t +3sinh2t—4cosh5t+e™")

Solution :

L(sin 4t +3sinh2t —4cosh5t +e™)
= L(sin 4t) + 3L (sinh2t) — 4L(cosh5t) + L(e™)

4 2 S 1
=— +3—5—-4— +
s°+16 s° -4 §s°-25 s+5
4 6 4s 1

s?+16 s?—4 s*-25 s+5

9. Find L((1+1)%)
Solution:

L((A1+1)%) =L(1+2t+t%)
= L(1) +2L(t) + L(t?)
1 1 2!

—Sy2. o4 L
s 2 s



_ sint O<t<~z
10.  Find the Laplace Transform of f (t) =
0 t>n
Solution:
By definition,
L(f (1) = [e*f (t)dt
0
= [e'f()dt+ [e £ (t)dt
0 T
= [e~'sint dt + e (0)dt
0 T
:Ie‘s‘sint dt
0
e—st 4 e
=| ————(-ssint—cost | e*sinbx dx = asinbx —bcosbhx
{(—3)2 a l) J I )
e—szr eO
= —ssinz —CcoSm)— 0-1
s2+1 ( ) s?2+1 ( )
e " 1
= 1) +
s? + 1( ) s’ +1
1
= e " +1
s2+1 ( )
t
11.  Find the Laplace Transform of f (t) = e O<t<l
0 t>1

Solution :

By definition, L (f(t))=[e~ f (t)dt
0

Il
e O O

e f (t)dt+[ e f (t)dt
1

e eldt +I e *'0dt
1

e(—s+1)tdt

Il
o

= | @D

IT-‘

&

w | =
| —|
o [

I
=

| [~
w
—_
D
T
|
|_\
SN—



3.2. Note :
1 I'(n+1) :Ix”e‘xdx (By definition)
0

I'n+1)=nl, n=123,.....
'(n+)=nl’(n), n>0
12.  Find L(i+t3/2]
NG
Solution :

L(LHW] = L(t™?) + L(t*%)

Jt

+
g2 22 ¢

_Jz 34m
s 4%

4, First Shifting Theorem (First translation)

1 If L(f(t))=F(s) then L(e ™ f (1)) = F(s+a)
Proof:

By definition, L[ f(t)]= Te'“ f (t)dt
L[e®f(t)]=

e e f (t)dt

e ' (t)dt

Ot 8§ O——38

=F(s+a)

Hence L[e ™ f(t)|=F(s+a)

4.1. Corollary : L(e* f (t)) = F(s—a)

4.2. Note :

Lo L) =L[f®]...,
= [F(S)]sas+a
=F(s+a)

2. LEe*f)=L[f®] ..

= [F (S)]sas—a
=F(s—a)



Maths

Laplace Transforms

4.3. Problems :

1. Find L(te*)
Solution:

L(te*)=[L(t)]

S—>s5-2

_(ij __1
- Sz sas—z_(s_z)2

2. Find L(t%™)
Solution:

L(t%™) =[ L(t°

¢

5!

)jISA)S+1

S—>S+1

- (s+1)°

3. Find L(e™sin3t)

Solution:
L(e™sin3t) =

L (sin 3t)

S—>5+2

()
Sz+9 S—>s+2

3

- (s+2)°+9
4. Find L(e ' cosh4t)

Solution :

L(e™* cosh4t) =

L(cosh4t)

S—s+1

(%)
Sz -16 s—s+1

s+1

T (s+1)7-16

5. Find L(e*sin?4t)

Solution ;
L(e* sin® 4t) =

L(sin® 4t)_ .,

L (1— cos8t ]
2 s—>5-3

==(L(1) - L(cos8t))

s—>s-3

mll—\

S "‘64]5%5 3

r\)ll—‘ r\>||—\ r\>||—\

1
s-3 (s— 3) +64



6.  Find L(e™"sin 4tcos6t)

Solution:
L(e * sin 4t cos6t) = L(sin 4t cos 6t)

S—>5+2

:%(L(Zsin 4tcos6t)),
:%(L(sin(4t+6t) +(sin 4t - 6t))

S—>5+2

:%(L(SiﬂlOt—sin 21). .,

_i( 10 2 ]
2(s*+100 s*+4) .,

1 10 2
2\ (s+2)*+100 (s+2)°+4

7. Find L(e"(sin®3t+cosh’3t))

Solution:
L (e*(sin®3t+cosh®3t) ) = L(sin®3t +cosh®3t)
_ L(Ssin 3t—sin9t  3cosh3t+cosh 9tj
4 4 s—s—4

3sin 0—sm 30 cosh? =

3cosh 8 + cosh 30
4

-sin0 =

E L(sin3t)—= L(sm ot) +— L(cosh 3t)+= (cosh 9t)}

s—>s—4

1 9 3 _s-4 1 s-4
(s— 4)+9 T A4(s—4)7+81 4 (s-4)°-9 4(s-4)7-81

3 9 3 S 1 S
(Z 19 45481 4 5°-9 4% —811%_4
3
4

8.  Find L(coshtcos2t)

Solution :

t -t
L(coshtcos2t) = L((e +Ze ]cosZt]

= % L(e' cos2t+e " cos2t)

= %[ L(cos2t), . ,+L(cos2t)

sas+l]

7).+
“oll <2 Tl =
2 S +4 s—s-1 S +4 S—s+l

1 s-1 s+1
-5 2 + 2
2((3—1) +4 (s+1) +4]

s—>s-1




5. Theorem

If L(f(t)) = F(s).then L(tf (t)) Z%(F(s))

Proof:
Given F(s)=L(f(t))

differentiate both sides, w.r. to ‘s’

d d
g5 (F ) = (LT (D)

- %@e‘“ } (t)dt]

- j%(e )t

= T (-t)e ™ f (t)dt
_ —th (t)e St

S (F($) =L ()

- L(tf (1)) :% F(s)

(or) L(tf (t)) = —F'(s) where F(s)=L(f(t))

similarly we can show that,

, d°

L(t*f (1)) = (-2) Pl

LETO) = (1 SF ()

dn

Ingeneral, L(t" f (t)) = (-1)" ds"

F(s)

5.1. Problems :

1. Find L(te*)
Solution:

We know that L (tf (1)) = % L(f(t))

Here f(t)=¢e"



L(te*) = L(e3‘)

_:Q(JLJ

“dsls-3

_ (3—3)(0)—(1)]
(s—3)

B 1
 (s-3)?

2. Find L(tsin3t)

Solution :

L(tf () =—— L(f 1)
L(tf (1)) = —— L(sm 3t)

_ﬂ(i]
Cds s2+9

[ =(s* +9)(0) +3(2s)
- (s? +9)?

_ bs
(s +9)?

3. Find L(tcos?3t)

Solution :

L(tcos?3t) = ;—d L (cos? 3t)

_—d L(“COS&]

ds 2
-1d
- 70|—(L(l) +L(cos6t))

_-1 d( LS ]

2 ds s* +16
_—_(—_1+(32+16)-1—s(25)]

2 | s? (s* +16)?

_ -1 16-s°
21 s? (s?+16)

_1(1, s*-16
2\ s*  (s*+16)?




}sas+2

4. Find L(te ™ sin3t)
Solution :
L(e* (tsin3t)) = L(tsin3t) ..,
= {ﬁ(L(sin 3t)}
dS S—>s+2
2%
ds(s*+9)) ...,
| (s> +9)0-3(2s)
(s*+9)°
_ 6(s+2)
((s+2)*+9)?
5. Find L(te™ sin 2tsin 3t)
Solution :

L(te ™ sin 2tsin 3t)

= L(tsin 2tsin3t)

=~ L(t(cos(2t - 3t) - cos(2t +3t))),

NP NP NP NP NP NN e
[

N |-

Ex L(t-2sin2tsin 3t)}

L(tcost—tcos5t)

—d
| ds

d
+_
ds

s
s?+1

e

—-a L(cost) + a L(cos 5t)}
ds ds

(s® +1)-1-5(29)

S—5+2

S—>5+2

—5+2

S—>S+2

S—>5+2
j:|sas+2

s
s?+25

[

(s> +1)°

1-52

]+

2552

d [ (s®+25)-1-5(2s)
dsl (s +25)°

..

H(

25—

__((sz +1)°

R

..

s? +25)?

S2

2_
(s+2)° -1 N

+
_(32 +1)*  (s*+25)°

25— (s+2)?

((S +2)? +1)2 (

.
|

(s+2)°+25)



6.  Find L(t%¢ " cosh2t)

Solution:
L (e (t* cosh2t)) = L(t*cosh2t)s s,

= ((—1)2 d—22 L(cos h2t)]
ds

(& (73)

B d32 82_4 s—s+1

[ d[(s*=4)1-5(25)
sl (s7-4y° -~
_d[ A4-s"

Cds((s*-4)7 ),

_Zdf 4+s”

s (5" =47,

_[(5°=4)°(25) - (4+5%)2(s* —4) - (29)

B (32 _4)2 s—>s+l

_[ —2s(s? -y s?—4-2(4+5%)
(32 _4)4 s—>s+l
_(-2s(s*-4-8-2s%)
B (82 _4)3 s—>s+l
([ 2s(s2+12)
B (82 _4)3 s—>s+1
([ 2(s+D)((s+1)?* +12)
- (s+1)* - 4)°

S—>S+1

6. Theorem

If L(f(t))=F(s) andif t|;'[O ) exist then L(@j = Te"5t f(t)ds

Proof:

By definition, F(s) = L(f (t)) = e f (t)dt
0

Integrate both sides w.r.t ‘S’ from S —»00

T F(s)ds = ﬁoe‘s‘ f (t)dtds



1

‘t’ are independent variable)

= T f (t)ﬁ e‘s‘ds] dt

et ®
e
f (t)dt (‘Tl(o —e-S‘)]

<10,

I
Ot—8 Ot——8 Oo+——3

e

I
—

7~ N\ -~
—h
—~~

‘

~

—+

N—r —
NS

—
—+
N—r

]:TL( f (t))ds

—+ ‘

Similarly we can prove that L( f Et)] =
t

0 ey §

TL( f(t))ds ds

In general L( f gt)

t j:ﬁ """ T L(f(t)dsds--ds

S s s n times
%,_J

n times

Recall :
1. log(AB) =log A+ log B

2, Iog(%):logA—logB

3. logA® =Blog A

4. logl=0

5. log0=-o

6. logoo=o

7. Ildx = log x
X

dx 1. X
8. f —— ="tan"'=
a‘+x° a a

tan (o0 _T
9. (o) 5

o o (3)-5-ar(%)

D‘e‘s‘ f (t)ds} dt (Changing the order of integration since ‘s’ and
S



Problems :

l_eZI
1. Find L( " ]

Solution:
_ 2t 0
Lim = — (Indeterminate form)
t—0 t 0
Apply L - Hospital Rule
2"
Lim =-2
t-0 1

. the given function exists in the limit t — 0

L(l‘tem ] - ]O L-e)ds
:T(L(l)— L(e*))ds
g

(

=(log s —log(s—2))

0
S

2. Find L (—1_ c0s atj

Solution :

. l1-cosat O )
Lim———=— (Indeterminate form)
t—0 t 0
ApplyL - Hospital Rule.
. _asinat
Lim
t—0 1

=0 (finite)



.. the given function existin the limit t — (0

L (bctﬂ] = J' L(1—cosat)ds
S

L(1) - L(cosat))ds

0

S

0

= (Iog S —%Iog(s2 + az)]

log s —log(s* + az)%)

S

= Iog;]w
Vs +a? ),
S
= |og—2
S‘/1+a42
1
=| log =
1+‘3‘42
S
= Iogl—log—]
Vst +a’?

—at —bt
s Find L[u]
t

Solution :
e—at _e—bt 0
LIm————=— (Indeterminate form)
t—0 t 0

Apply L - Hospital Rule

.. the given function exists in the limit t — (0



I
1 M/

log(s +a) — log(s +b)]

_ (s+a) T
__.og(_(s+b)j_s

_ —Iog 1+a/s)]
| \1+b/s )|

=logl-log (1+a/s]

1+b/s
:Iogl—log(_S"Laj
s+b
__.og(w]
s+b
_.og(wj
s+b
(s+bj
:log - -
s+a
4. Find L(M]
t
Solution ;

. _cosat—cosbt O
nm—m—mm ——— =

Li == :
50 t 0 (Indeterminate form)

Apply L - Hospital Rule

. —asinat+hsinbt
Lim 1 =0 (finite)

t—0

.. the given function exists in the limit t — Q

L(Mj
t

= I L(cosat —cosbt)ds

S

0 S S

:I 2 2 2 2d5
\s"+a” s"+b




at
S. Find L(e—

Solution :

eat
Since LIm
t—0

|

—CO0S

e® —cosbht
t

&

bt

0

S

exists

_Iog(s —a) —%Iog(s2 + bz)}

_Iog(s —a)-log+/s® +b’ T

=| log

0

S

S—a

\s? +b?

I

-2 |

S /1+b )



=2
6. Find L(Slr; t]

Solution :

H;

Since Lim exists
t—0

L(Sm t] jL(sm t)ds

% (1 COSZt]ds
2

:%T L(1) - L(cos 2t))ds

:%]I s? +4]

_Iog S ——Iog(s + 4)}

Iogs logvs® + J

m'—,

0

S

N |~ r\>||—\ r\>||—\

_ T
_Iog Js? +4l

1
==—|log

S
2 S/1+%2

r 0




S L(sm3tc052t]

t
Solution :

Lim

exists
t—0

(sin 3tc052t]

I_(sin 3t costh

= I L(sin 3t cos2t)ds
1% .
:EIL(Zsm 3tcos 2t)ds

17, . .
:EJ' L(sin5t+sint)ds

1% 5 1
:EJISZ +25 3 +1]dS
:%[5%tan‘l%+tan‘l%f
zi[tan‘l(%)ﬂan‘l(%)f

ey
5[5+t (54)-en (%))
r-a(gms
8. Find L(Sin at] Hence find the value of fﬂ dt
Solution :
since Lim 2020 o ict

_L smatjzz_tan_l(i]
t 2 a



Deduction:
By definition

F in
Ieas atzz_,[a (sj
; a

Puts=0,a=1

jﬂdt_——tan-l(O)

a3
2

9.  Find L ( cos atj

t

Solution :

Lt cosat :EZOO
t—>0 t 0

- Lt cosat
t—0 t

does not exist.

cos at
t

Hence L ( ] does not exist.

at
10.  Find L(e_]
t

Solution :

at
Lte—zlzoo
0

t—>0 {

eat
L[T] does not exist.

7. Unit Step function (or) heavisides unit step function:

0 for t<a

The unit step function about the point t = a is defined as U (t — a) :{
1 fort>a

It can also be denoted by H (t —a)
A u(t-a)

|

t<a t>a

DfF————————

~+
11
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7.1 Find the Laplace transform of unit step function.
Solution:

The Laplace transform of unit step function is

LU(t-a)) = Te‘s‘u (t—a)dt

e *0-dt+[e (1)t

e 'dt

L(U (t—a)) :%(O—e“”) _e”

—as

~ LU (t-a)) :eT

8. Dirac delta function (or) Unit Impulse function :

8.1 Dirac delta function or unit impulse function about the point t =a is defined as

1
Lt — a<t<a+h
o(t—a)=<n>0h st<as

0 otherwise

Find the Laplace transform of Dirac delta function.

Solution : T ] > 00
o a ath

L[s(t-a)]= Te‘s‘é(t —a)dt

= J:'e‘s‘Odt + hI;tO%T e *dt +jh e "' 0dt

a+h

_ il j e %t
h—0 "

1/ -1 —(a+h)s -as
:hgtoﬁ[_(e( v -e )}

-as —(a+h)s
_ L l{e__ : }

(7]




e*@1-e"™) 0
= hli[o% = 0 (Indeterminate form)

Applying L’ Hospital Rule.

e—as e—hsS
— Lt ( ) — e—as
h—0 S

L(o(t—a))=e ™ when a=0, L(5(t)) =1
8.2. Note :
The dirac delta function is the derivative of unit step function.

9. Second shiffting Theorem (Second Translation)

f(t—-a), t>a
0 t<a

If L(f(t)) =F(s) and G(t) :{

Then L(G(t)) =e ™F(s)

Proof:

L(G(t)) = Te‘s‘G(t)dt

I
D ey 8 O D Oy

e "G (t)dt+ [e G (t)dt

e 0-dt+ [e ™ f (t—a)dt

e f(t—a)dt

I
o

Put t—a=u when t=a, u
dt=du t=o0, U

I
8

S L(G(@) = Te‘s‘“”) f (u)du

=e e ™f(u)du

ot—38

0

—su
In Ie f(u)du 4 isa dummy variable. Hence we can replace it by the variable t.
0

- L(G(Y) = e-saTe-st f (t)dt

=e “L(f (1))
=e *F(S)



Another form of second shifting theorem

If L(f(t))=F(s) and a>0 then

L(f(t—-a)U(t—a)) =e *F(s) where U(t—a) is the unit step function.
Proof:
We know that by the definition of unit step function.

1 t>a
0 t<a

U(t—a):{

f(t—-a) t>a
0 t<a —@

f(t—a)U(t—a)z{
Let f(t—-a)U(t—a)=G(t)

f(t—-a) t>a

. (1) becomes, G(t) :{ 0 t<a

which is precisely the same as the first form of second shifting theorem, as discussed above
S L(G(()=e"*F(s)
9.1. Problems:

1. Find the Laplace transform of G(t), where

cos(t—%[j if t>2?”
G(t) =

0 if t<—
3

Solution:
f(t—-a) t>a

We know that by second shifting if L( f (t)) = F(s) and G(t) :{ 0 .
<a

then L(G(t))=e*F(s) Y

Here f(t—a)= cos(t —%T]

(i) f(t)=cost & a= 2?” _ @

s
s?+1

~ L(f(t)) = L(cost) = B

Substituting (2) & (3) in (1), we get

S

2
S L(G()=¢ ® -
GE)=e > =




3.
2. Find the Laplace transform using second shifting theorem for G(t) = (t-2)7 t>2
0 t<2
Solution:
Here a=2, f(t—a)=(t-2)°

f(t)=t>
5 3l
L(f (1)) = L(t )=S—4= F(s)
S L(G() =e*F(s)
25 3!
st
3. Using second shifting theorem, find the Laplace transform of

60 sin(t—%); t>%

T
0 t< A
Solution :

Here a:%, f(t—a):sin(t—%)

- () =sint

e

S L(f ) = L(sint)
1
TSl Fes)
< L(G(t) = e *F(s)
o L
s?+1
_ e—%s 1

s?+1

10. Change of Scale Property

If L(f(t)) = F(s), Then L(f (at)) = % F (ij

Proof:

By definition, | (t)) = Ie—“ f (t)dt
0

s L(f(at)) = Te‘s‘ f (at)dt

I
o

put at=y when t=0, vy

I
8



L(F @) = [e 01 (y) %y

17 -(s/a)y
=—|e f(y)d
a! (y)dy

1 0
— —(s/ajt
- gje T ()dt (Replacing the dummy variable y by t)
0

L(f(at)):éF(%)

10.1. Corollary :

L[f (%‘)J =aF(as)

10.2. Problems :

1. Assuming L(sint).Find L(sin2t) and L(Sin %)

Solution:
We know that L (sint) = —; N (1)
S™+
. 1 1
s L(sin2t) = TN Using (1) (Replace S by s/2)
(52) +1
. 1 4
L(sin2t) =—
( ) 2 ( s? + 4]
2
s+ 4 —

1 2
. int/ )= _
" L(Smé)_ 2(25)2 1 “4s>4+1  Using (2) (Replace s by 2s)

s -1

2. Given that L(tcost) =—
( ) (s*+1)°

Find (i) L(tcosat) and (ii) L(tcoslj
a

Solution :

s -1

(i) Given L(tcost) = W

Replacing t by at



1 (%) -

. L(atcosat) = 5 ; 5
(AR

a*(s*-a%)
a’(s* +a’)?

(- Replacing s bys/a)

L(atcosat) =

a'(s’-a’) s*-a’
a‘(s®*+a’)® (s*+a’)’

- L(tcosat) =

2
(ii) Given L(tcosl]:i_lz
a) (s°+)

Replace t by % L(%COS%):a ((asﬁ

(as)? +1)2

L tcost )= a2 a’s’ -1
COSE =a ( Replace s by as.

a’s? +1)2

11. Laplace Transform of Derivations :

Here, we explore how the Laplace transform interacts with the basic operators of calculus differentation and
integration . The greatest interest will be in the first identity that we will derive. This relates the transform
of a derivative of a function to the transform of the original function, and will allow to convert many initial
- value problems to easily solved algebraic Equations. But there are useful relations involving the Laplace
transform and either differentiation (or) integration. So we’ll look at them too.

11.1. Theorem :
If L(f (t)) = F(s) Then
@ L(f'@t))=sL(f(t)- f(0)
()  L(f"(t))=s’L(f(t))-sf(0)- f'(0)
and in general

L(f"(t)) =s"L(f (t))—s"*f(0)=s"?'(0)......f "*(0)
Proof:

(i) By definition,

L(f'(t)) = Te-“ f (t)dt

- Te‘s‘d(f )



0

=(e™f (), -[ f(Hd(e™)

0

= (0 f(0)) - [ f (t)e*(~s)dt

- —f(0)+sTe-S‘ f (t)dt
= —£(0) +sL(f ()

S L(F(t)) =sL(f(t))—f(0) ___ (1) which proves (i)

(i) Again by definition,

L(f"(t) = Te-“ f(t)dt
= Te‘s‘d(f’(t))

=[ef '(t)]:’ —T f'(t)e ™ (—s)dt

=[0- f’(t)]+sTe‘st f'(t)dt

=—f'(0) +sL(f'(t)

=sL(f'(t))- f'(0)

=s(sL(f (t))— (0))— '(0) Using (1)
L(f"(t)) = s2Lf (t) - sf (0) - f'(0) _©

Similarly proceeding like this, we can show that

L(F" () = s"L(f (t)) = s" (0) —s" 2 (0)......F "*(0) _®

The above results (1), (2) and (3) are very useful in solving linear differential equations with constant
coefficients.

11.2. Note :
We have, L(f'(t)) =sL(f (t))— f(0) _ ()and
L(F(t) =s’L(f®)-sf(Q)—f'(0)  __ (2
when f(0)=0and f'(0)=0
(1) & (2) becomes
Lf'(t) = sLf (t) and Lf"(t) = s2LF (t)

This shows that under certain conditions, the process of Laplace transform replaces differentiation by
multiplication by the factor s and g? respectively.



12. Laplace Transform of integrals

Analogous to the differentiation identities L[ f '(t)] =sF(s)- f (0) and L[tf (t)] =—F'(s) are a pair of

identities concerning transforms of integrals and integrals of transforms. These identities will not be nearly
as important to us as the differentiation identities, but they do have their uses and are considered to be part
of the standard set of identities for the Laplace Transform.

Before we start, however, take another look at the above differentiation identities. They show that, under the
Laplace transform, the differentiation of one of the functions, f(t) or F(S) corresponds to the multiplication of
the other by the approprate variable.

This may lead to suspect that the analogous integrations identities. They show that, under Laplace transform
integration of one of the functions f(t) or F(S), corresponds to the division of the other by the approprate
variables.

12.1. Theorem : If L[ f (t)] = F(s) then Lﬁ f (t)dt} = % L[ (t)]

Proof:

Let jf(t)dt = g(t) ——(1)

Differentiate both sides with respect to ‘t’

SO =90 — ()

and  ¢(0) = j f(t)dt=0

0

We know that  L[¢(t)] = sL[¢(t)] - (0)
LI¢(t)] = sL{g(1)] - $(0)=0

t

S L[] = SL{ [ 1 (t)dt} by (1) & (2)

0

L jf(t)dt i
S

0

Similarly we can prove that

[t t 1
L_Mf(t)dt}:S—ZL[f(t)]

tt t 1
- Ingeneral L ! ! ----- [ £t :S—nL[f(t)]

0

n items

12.2. Note :

The above result expresses that the integral between the limits from ‘0’ to ‘t’ is transformed into simple
division by the factor ‘S’ using Laplace transform.



12.3. Problems :

t
1. find L{e“ftcostdt]
Solution :
t t
L[e“jtcostdt] [L(Itcostdt]:l
0 s—>s+1
(i L(t cost)]
S s—>s+1
:(l(—d(L(cost))n
S dS s—>s+1

) _%(%(silmsm

(s> +1)—s(2s)

(S +1) s—>s+1
1-s?
(32+1)2 s—>s+l

[ -1 ]
- 2 2
S(S +1) s—>s+1

B (s+1)? -1
(s +1)((s +1)* +1)? et

B s% +2s
(s+1)(s* +2s+2)°

2. Find L{ _tj.%dt]

Solution :

(e ]
e

Since Lirp sltit exist
t—

-1
s

I
I
m|H
I N

17 .
= gj' L(smt)ds}

LS S—>s+1

172 1
== ds
_S .5[ 32 +1 :|sas+1

i)
= S(tan s)s}

s—s+1



= 1(tan‘loo - tan‘l(s)}
S

L S—>s+1

[1(x 4
:_E(E_tan (S)]j|sas+1

} _cot (s +1)
s—>s+1 s+1

1
=|=cot's
s

t
3. Find the Laplace Transform of J.te‘t sintdt

Solution:
L(te™ sintdt) = (L(tsint)), ..,

—d .
=| —NL(sint
(ds ( )]sasﬂ

_ ﬂ( L ]
dS Sz+1 S—s+l

~ ((s*+1)0-2s
B (Sz +1)2 S—s+l

B 2S
(Sz +1)2 S—>S+1
3 2(S+1)
((S +1)% +1)?
3 2(S+1)
S24+25+2
t
4. Find LU Smt ]
0
Solution :
t ot “t o
L J'e smtdt :lL e sint
>t S t
) . e’lsint .
Since Lim exist.

t—0

L(e smt)}

mll—\

L(sin t)} ds
S—s+l

..
o

mll—\

i
i
i
i

mll—\



ds

(s +1)? +1ﬂ

0
S

ol

1.
= g(tan (s+1)

_coti(s+1)
S
Problems :
t
1. Find L[Iemdt]
0
Solution :
F 1
L(Ie”dt] == L(e?)
5 S
_1 1
S §-2
B 1
s(s—2)
t
2. Find L[Isin3tdt]
0
Solution :
F 1
L(IsinBtdt]:—L(sinBt)
5 S
1.3
s s2+9
B 3
s(s*+9)

t
3. Find LUe‘2t cos 3tdt}
0

Solution :

t
L [ J' e cos 3tdt] = % L(e ™ cos3t)

0
1 L(cos3t)

S
1

o
A

S

$S—>5+2
S
s?+9

S+ 2

(s+2)*+9

(Using first shifting theorem)

js—>s+2

|



t

4.  Find L[J'e“sin h2tdt]
0

Solution :

t
LUe“ sin h2tdt] 1 L(e ' sin h2t)
S
0

S—s+l

Et=
S 82_4 s—s+l

1 #)
sl (s+1)%*-4

t
5. Find L Usin 3t cos 2tdt]
0

= 1 L(sin h2t)
S

Solution :

t
L(J'sin 3tcos 2tdt] = % L(sin3tcos2t)
0

= 3 L(2sin 3t cos2t)
2s

_ 1 L(sin5t +sint)
2s

1 5 1 j
= +
2s(s?+25 s°+1

t
6. Find L{e‘ajtsinzt dt
0

Solution :
t t
L(e‘mjtsinzt] —L jtsinztdt]
0 0

lL(tsinzt)}
S

S—>5+3

S—>S+3

——jiL(l_COSZt]
L s ds 2 s—>5+3

= —td L(1-cos 2t)}
_28 dS S—>s+3

__ji(i_ s ]
| 2sds\s s*+4)] .

-1 -1 (s*+4)-1-5(25)
| 2s(s? (s? +4)° s




_| [+, 4-s"
2s Sz (32+4)2 s—>s+3

1 +1 N 4—(s+3)?
T 2(s+3) L (s+3)%  ((s+3)2+4)°

1 4—(s+3)
~ 2(s+3)° | 2(s+3)(s? +65+13)?

t -
7. Find L(e4t U—sm 3ttcos 2 dtn
0

Solution :

s

L J.sm?,tcostht
t s—>s—4

0

|1 I_(sin 3t0052t]
S t s—s—4

= FJ' L(sin 3t cos 2t)dt}
S S

s—>s—4

- ij’ L(2sin 3t cos 2t)ds}
25 )

s—>s—4

1%, . :
=|— | L(sin5t +sint)ds
23! ( ) }

s—>s—4

1% 5 1
== - +— ds
_ZS s $°+25 s°+1 s—>s-4

- i(S-Etan‘liﬂan‘1 s]
ZS S 5 s—>s-4

s—>s—4

1

T T

+Z ) tant2_tants
2 2 5 s—s—4

r—tant>_tan? sﬂ
5 s—>s—4

__1 ( _tan1 322 —tan~*(s- 4)]
2(s—4) 5

1

[
N N N
m||—\ m|l—‘ m|l—‘

-
((tan‘1 o0+ tan " o) —(tan‘1§+ tan™ s]ﬂ




13. Periodic Functions :

Laplace transform of periodic functions have a particular structure. In many applications the non
homogeneous term in a linear differential equation is a periodic function. In this section, we desire a formula
for the Laplace transform of such periodic functions.

13.1 Definition of Periodic functions::

A function f(t) is said to have a period T or to be periodic with period T if for all t, f(t+T)=f(t) where T is a
positive constant. The least value of T>0 is called the period of f(t).

Example 1

Consider f (t) =sint

f(t+27)=sin(t+2x)
=sint

(ie) f(t)=f(t+2n)
=sint
. sint tisa periodic function with period 27 .

Example 2:

tant is a periodic function with period 7.

13.2. Laplace Transform of Periodic functions:

Let f(t) be aperiodic function with period a.

f(t)=f(t+a)=f(t+2a)=f(t+3a)...

Now L(f(t))= Te‘s‘ f (t)dt

a 2a 3a
= [e= f(t)dt+ [ef()dt+ [e f (t)dt
0 2a

a

4a
e f(t)dt+---
3a

Put in the second integral t=T+a;, dt=dT
in the Third integral t=T+2a; dt=dT
in the Fourth integral t=T+3a; dt=dT

When t=a, T=0
t=2a, T=a



when t=2a, T=0
t=3a, T=a

when t=3a, T=0
t=4a, T=a

S L(F(D) = je-st f(t)dt+e™ j e f (T +a)dT

+e 7 [e £ (T +2a)dT +---

0

(=Y

e f(t)dt+e [e f (t+a)dt+e ™ [e f (t+2a)dt
0 0
= (L+e ™ +(e™) +--) e f (t)dt
0
= (1—e“"‘s)‘1j'e‘St f (t)dt ( (L=X)" =1+ X+X*+-- )
0
1 a

—st
—— fef (bt

0

L(f (D) =

13.3. Problems :

1 Find the Laplace Transform of the square wave given by

~ E for 0<t<a/2
f(t)= B a
- for /2<t<a

and f(t+a)="f(t)
Solution :
Given that f(t+a)= f(t)

Hence f (t) isa periodic function with period p=a

1 5
e f (t)dt
1—e‘asI ®

0

L(f (D) =

L[ :
=——| [eEdt+ [ e (-E)dt
1—9 0 %

[EY

=——|E|e"dt—E|edt
1-e 5 %



%

__E (e‘s‘] _(e‘s‘ ]a
1—g 3 _s . s %
E —S8, -sa —sa,
~ ey (e (e e
i s,(l_—i—as)(l-E‘““ e e
—_E _ p2sa/ -sa
_S(l_e_as)(l e 259/2 | g )

E

as

s(l—e 2)(L+e

E{l—ezj

- s(L+e %)

e
)

:Etan h(saj
S 4
2. Find the Laplace transform of the function f (t) = t O<t<b
2b-t b<t<2b

Solution :

The given function is a periodic function with period 2b

S L(f (1) = j e f (t)dt

2bs

b
- “2bs je_SI f(t)dt+ J. e f(t)dt
1-e™* ]
1 b
= { [etdt+ j e (2b—t)dt}
l1-e 0 b
b
—st —st
{5
1 -3 S 6
- 1_e—2bs - _st 2b
oo
-5 S .
1 j-be” e‘Sb 1 e‘2bs L —e ™
1-e™| s 2 s s s?
1 1— 2e—bs —2bs
- 1_e—2bs
(1—e™)?

T Sre ) 1-e ™)



1— e—bs

s“(1+e™)
bs  bs
1 |(1-e?)e?
T2 bs  bs
l+e?2)-e?

bs  -bs

1 e2—-g?

2 bs —bs

S g2 +e?

sint in O<t<nx

3. Findthe Laplace transform of f (t) = { and f(t+27)=f(t).

0 in m<t<2r
Solution:

Giventhat f(t+27)= f(t)

Hence f (t) isaperiodic function with period P = 2

L(f (1)) = i_sp fe-st f (t)dt

1—-

ks 2
= 1_25” De‘s‘sintdu I e -Odt}
0 ks

[EY

—e
__ 1 [ 11(e‘s‘(Ssint—1-cost))}

v
1-e™ [ s*+ 0
1

1
S (e (0+1)-1(0-1))
1 1

Ts?41 (1-e27)
1 (1+ e‘s”)
s+1 (1-e™) 1+e™™)
1 . 1
s?+1 1-e™

(e‘s” +1)

4. Find the Laplace transform of the Half-wave rectifier function

sin wt, 0<t<Z

f(t)= y
0, Z<t <—ﬂ
w w
Solution:

sin wt, 0<t<Z

Given f(t): ;V
0, £<t<—ﬂ
w w

27 2r
This ia a periodic function with period — in the interval O’W .



S L(F(D) = zﬂsf e~ f (t)dt

1 e w 0

2z

e f (t)dt+ [ e f (t)dt

|
[EEN
N
a
ce—z |y

w

2z

|
| =
N
5
ot—s

e sin wtdt + I e *t.0dt

w

sl8 |

1 [e¥(~ssinwt—wcoswt)
2 s +w?

=

1 eV (w)+w

2l g? pw?

1 ;N(1+ e‘s”/W)

2 gt ew’

B w (L+e>")
- (1+e—szz/W)(l_e—s;z/W) ’ SZ +W2
_ w
- (1_e—szz/W)Sz +W2
t, for O<t<l

5. Find the Laplace transform of the periodic function f (t) :{2 . Let<? and f(t+2)=f(t)
-1, for l<t<

Solution :
The given function is a periodic function with period 2.

S L(F (1) = 1_;23 j e f (t)dt

- j sttdt+j(2 t)e" stdt}
L O

1

B 1 te—st —st e—Sl 2
1—e‘28 s? ),

1 1 e‘28 e e‘s}

= € 288
_—s s s° ¢ s &

e
1 (1-2e°+e™
e s?

o @-e®? 1 d-e?)
S (l-et)1+ed)s? s (1+e)
1 es/2 e—s/2

= = tann(%)



0<t<Z

t,
6.  Find the Laplace transform of the function f (t) = f(r+t)=1(t)
-1, T ct<n
2
Solution :
7[/2
S L(f () = j te~'tdt + j (7 —t)e dt
1- | /2
1 te—st et /2 et gt 7
—€ - 0 /2

1 776—871/2

e—szz/2

—szz 77 e—szz/2

e—szr/2

1-e ¥ s? s

1 124
1_e—szz SZ

B (1_ e—szz/2)2
SZ (1_ e—szz/Z)(1+ e—szz/Z)
1— e—szz/2
sP(l+e )

7. Find the Laplace transform of the rectangular wave given by f (t) = {

s?

1, O<t<b
-1, b<t<2b

|

Solution:
) 1, O<t<b
Given f(t)=
-1, b<t<2b
This function is periodic the interval (0, 2b) with period 2b.
1 2
L L(f ()= e * f (t)dt
(FO) =1 j (®
1 [ 2b
_ —st —st
== ! e S f (t)dt + j e % f (t)dt
1 b 2b
= [e@adt+ j e (~ 1)dt}
Lo
1 [ 2b
_ —st —st
= ! dt+je dt}
- —2bs
l-e b
1 1 e—25b e—Sb
= +—+ -
1—e4“__—s s s s




1[1-2e® +e*®
g{ 1-e }
1 (@-e)
T s(lre)l-e®)
11-e®
T slve™
1 (l-e®)e™”?
s Lre®)(Ee™?)

1 @h/2 _gsbr2

sh/2 —sb/2

Cse¥? e

= 1tan h(ﬁj
S 2

14. Initial value theorem

If L(f(t))=F(s),then tIzt0 f(t)= t&i sF(s)
Proof:

We know that L[ f '(t)] = SL[ f (t)]— f(0))
Take the limit as S —»00 on both sides, we have

LUL(f'(t) = Lt(sF(s)~ f(0))

SI;EJG_SI f'(t) dt = SI;EO(SF (s)-(0) (-.- By definition of Laplace Transform)
0

LEO e f ,(t) dt = s';tw(SF (S) —f (O)) (-~ sisindependent of t, we can take the limit in

S—

O =y 8

the L.H.S before integration)
0= Lt (sF(s) - f(0))
- Lt sF(s) = f(0)
=L f0
- Lt sF(s) :tL% f(t)



15. Final value Theorem
It L(f (t) = F(s) then Lt  (t) = Lt sF(s)
Proof
We know that ~ L(f'(t)) =sL[ f (t)]- f(0)
L(f'(t)) =sF(s) - f(0)

e~ f(t)dt = sF(s) - f (0)

O sy 8

Take the limitas § — (Q on both sides,

Lt [e £(t)dt = Lt(sF(s)- T (0)
0

ISI;tOe‘St f'(t)dt = SI;tO(SF (s)-(0) (v sisindependent of t, we can take the limit in
0

the L.H.S before integration)
[fr@ydt= Lt (sF (s) - f(0))
0 —>

(f(); = Lt(sF(5) - £ (0))
tEEo f(t)—f(0)= sI;tOSF(S) - 1(0)

Since f(0) isnotafunctionof ‘s’ (or) ‘t’ it can be cancelled both sides,
tg& f(t)= sI;t0 sF(s)

15.1.Problems :

1

1. I L(f(t)= Ssia

find lim f(t) and lim f(t)
) t—ow t—0
Solution :
Itirg f(t) =limsF(s)

=limsx
so=  §(s+a)

lim f (t) = lim sF (s)

=limsx
s>0  s(s+a)

m
50 (s +a)



2. If L(e""cos’t) = F(s).Find Liirg(sF(s)) and !erolo(sF(s))
Solution:
L(e™'cos’t) = F(s)
(ie)., f(t)=e"cos’t
By final value theorem,
lim(sF (s)) = !Lrpo(e‘t cos’t)=0
By initial value theorem,
slimsF(s) = lijg(e‘t cos’t) =1

3. Verify the initial and final value theorem for the function f(t)=1-e¢™*
Solution':

Giventhat f(t)=1-e™ __ (1)
L(f(t)=LA-e™)
_1 1
s s+l
1 1
= - —-__-
(s) s s+1
SF(s):s(l—L]
S Ss+a
-2 )
s+a

From (1), tI;'% f(t)= tE%l—e_at
=1-1
-0 B
LH0= e
=1-0
=1 )

S
From (2), sIZto sF(s) = sIZtol_ s+a

Lt sF(s)= Lt1- >
S— S—w S+a

S Ltl-—— =0

o0 g (l+ % ) __(®

From (3) & (6), we have
tLt0 f(t)= Lt sF(s)

=1 )

and from (4) & (5)
tLt f(t)= LtosF (s)



4. Verifyinitial and final value theorem for the function f(t) =e

Solution:
Given f(t) =e* cos3t
L(f (t)) = L(e ™ cos3t)
= L(cos3t)

S—5+2

S S+2
F(s)= =
() (32+9]sas+2 (S+2)2+9

s(s+2)  s°+2s
s’ +4s+13 s*+4s+13
Ltof(t):LtOe‘Z‘cos3t:1

t— t—

SF(s) =

Lt f(t)= Lt e cos3t=0

t—o0 t—oo

2
Lt sF(s) = LtL
>0 8% + 45 +13

s°(1+2/s)
Lt sF(s) = -
SHOOS (S) saoos (1+4/S +13/S )
From (1) and (4), Lt f(t)= Lt sF(s)
t— §—o

From (2) and (3), L'% f(t)= LtOsF(s)
t— S—>

5. Verify initial and final value theorem for f (t) =
Solution :

f(t)=t%e™
L(F@) =[Le) ],

_(Ej __ 2
83 S—>5+3 (S+3)3

23
(s+3)°
Lt f(t)=Ltt?e™ =0
t—0 t—0

sF(s) =

Lt f(t)= Ltt%e™ =0

t—oo t—o0
Lt sF(s)= Lt —— 28 =0
s-0 (5 +3)°
LLsF(9)= Lt 233)3 =Lt 2 __
S—00 S—00 + S
s (1+ 3)
s
2 -0

S—00 3
s (1+ 3)
From (1) & (4) S

tLt0 f(t)= Lt sF(s)
From (2) & (3)
L 0= LLsF(),

2 cos3t

— @
— @

)

@4

—3t

@

— @

)

)/



e ¢ UNIT Il INVERSE LAPLACE TRANSFORMS

16.1. Definition :

If the Laplace transform of a function f (t) is F(S) (ie) L(f(t))=F(S) then f(t) is called an inverse
laplace transform of F (S) and is denoted by

f(t)=L"(F(s)

Here | -1 is called the inverse Laplace transform operator.

17. Standard results in inverse Laplace transforms

Laplace Transform Inverse Laplace Transform
1
L(l)zi Lt _]:1
S S
L(eat)zi L—l Lj:eat
S—a S—a
L(e“"‘t):—1 = ]:e‘at
S+a S+a
1 af 1)
2! A28
L t2 = L _— :t
) s3 s
3! af 3! 3
L t3 - — L _— :t
) s* s
0 n! S nby
L(t ): Sn+1 L Sn+1j_t

where n is a +ve integer

. a 4 a .
L(sinat) = L =sinat
( ) s+a’ s+a’
L(cosat) = ——> L™ = > ~ | =cosat
s’ +a’ s’+a
: a S a ).
L(sin hat) = Y L 7 ) sin hat
L(cos hat) = Lt —2 | =coshat
s’ —a’ s?—a’
. 2 2as .
L(tsinat) =———— a32 > Lt ———= |=tsinat
(s“+a") (s“+a)



52 _ g2 L[ s?-a
L t)=—— L"| ———= |=tcosat
(tcosat) & 1 al)’ [(Sz_'_az)z
L(tsinhat) = (zziz)z L ((322%2)2] =tsin hat
s’—a -
2 2 32 a2
L(tcoshat)Z% L (Sz+—az)2]:tcoshat
s’—a -
L(ea‘sinbt):% L % =e%sinbt
(s—a) +b (s—a) +b
s—a s—a
L(e* cosbt) =——F— L' ————— |=e*cosht
( ) (s—a)’ +b? (s—a)’ +b?
L(e" sinhbt) = —2 LB ) esinhbt
(s—a) +b (s—a) +b
L(e* coshbt) = (s—Sa;—za—bz Lt (ﬁ] = e coshbt
1 1
L(te™) = L ——— |[=te™
(te™) (s+a)’ (s+a)’
I I
L(tZE—at): 2 - L—l 2 - :t2e—at
(s+a) (s+a)

18. Properties of Inverse Laplace Transforms

18.1. Linear Property :

If F,(s) and F,(S) are Laplace transforms of f,(t) and f,(t) respectively, then
L (c,F,(s) +¢,F,(s)) = ¢, L (F,(s)) + c,L ' (F,(s)) where ¢, &cC, are constants.

Proof:

We know that

L(c, f,(t)+c,f,(t)) =cL(f(t))+c,L(f,(t))
=C,F(s)+c,F,(s)
[ L(f (1)) = F.(s) and L(f,(t)) = F,(s)]
¢, f,(t)+c, f,(t) = L (c,F,(s) +c,F,(s))
= L*(c,F,(s)) + L (c,F,(s))
=, L (F(s)) +¢,L 7 (F,(s))



Problems:

1. FindL"l( 1 +S+ > ]

s—3 s’ —4

Solution :

L‘l( ! +l+ 28 j:L‘l(—l j+L‘1(s)+L‘1( 23 j
s-3 s s°—4 s-3 s°—4

=e% +1+cosh2t

=e¥ +cosh2t+1

2. Find L i+ 1 + L 40
s> s+4 s*+4 s?2-9

Solution :

L1 1 1 S
LY =+ t= t=
s° s+4 s°+4 s°-9

e Er R B
S s+4 s°+4 s° -9

in2
Ctrettg S t+cosh3t

3. Find L E+£— 3 + 4
s s? s*+4 s°+16
Solution :
L l+£_ 3s N 4
s s s*+4 s°+16
(R AT B Y B P
s s s?+4 s? +16
=1+2t—-3cos2t+sin 4t
. 4 2 2 3s
4.  Find LY —— =+ +
(se s s7-9 sz+25]
Solution :

L‘l(i—£+ 2_,_% ]
s s -9 s*+25

| |
:iL‘l(s—éj_gL'l(gTé]+gL'l( 23 ]+3L‘1( ~ J
51 S 9l S 3 s° -9 s°+25

- 15 _#tg +gsin h3t + 3cos 5t

36 181440 3




. 2 3 3 5 S
5 Find L''| =-=+ + +
(ss st s2-3 s?-100 sz+10]

Solution :
L‘l(i—i+ 3 + > P j
s° s s2-3 s2-100 s°+10
| |
sz_l(igj_iL_l(g_‘;]_kiL_l i +
41 (s°) 31 \s*) 3 (232
= it“—1t3\/§sin \/§t+£sin h10t + cos /10t
12 2 2
6. FindL‘l( 5 4 s S j
s—25 s*-16 s*+9 s*-25
Solution :

L1 5 N 4s N S N S
2 2 2 2
§°—-25 s°-16 s°+9 s°-25

T (L TS GRS VRS (S
s°-25 s°-16 s°+9

=sin h5t + 4 cos h4t + cos 3t — cos h5t

7. Find | 1
2s+3

Solution :
e i P
2s+3) 2 s+§é
= le_ét
2

19. First Shiffting Property

@) If LY(F(s)) = f(t) then L*(F(s—a))=e"L*(F(s))

Proof:

5

10

We know that L (f (t)) = F(S) then L(e* f (t)) = F(s—a)

Hence ¢*f(t)=L"(F(s—a))
e*L(F(s)) = L (F(s—a))

4

S

32—25j

10
s> -100

=

s
s +10

J



() If LY(F(s)) = f(t)Then L*(F(s+a))=e L *(F(s))

Proof:
We know that  L(f (t)) = F(s) Then L(e ™ f (t))= F(s+a)

e ™ f(t)=L"(F(s+a))

Hence ot L—1(|: (s)) = L‘l(F (s+a))

19.1. Problems :

1. Find L‘l( ! ]
(s+1)°

Solution :

L_l( 1 zjze_tl_—l(izj
(s+1) s

=e't

2. Find L™ ;2
(s+D)°+1

Solution :
L—l ; — e_tL_l L
(s+1)°+1 s?+1
=e'sint
3. Find L S;f
(s=3)"+4
Solution :
L_1 S _3 — e3t L—l S
(s—3)°+4 s?+4
=e* cos 2t
4. Find L* S
(s+2)°
Solution :
L_l S . _ L_l S + 2 _22
(s+2) (s+2)

gy s+2 2
T (5427 (s+2)?

(sl
(s+2) (s+2)

— e—2t _ 2e—2t 't
=e?(1-2t)




i a1 S 3s
5. Find L 5 + :
(s-1D)°+3 (s+2)°-5

Solution:
LS 3 [ S gy S
(s=1)°+3 (s+2)°-5 (s=1)°+3 (s+2)°-5
(s=-1)°+3 (s+2)°-5
_L—l S_l +L_]_ 1
(s-1)*+3 (s-1>+3
pact[—3t2 g1
(s+2)*-5 (s+2)*-5
:e‘L‘l(—zs j+e‘L‘1(—21 ]+3e-2‘L-1(—25 j
$°+3 S°+3 s -5
—GE_ZILA(%]
s°—5
_etL_l S +e_tL—1 \/§
- _ . :
243" ) V3 (5?2443
+3e‘2‘L‘1(—s Zj_ie‘”L‘l[ V5 2]
-5 ) 5 ]

t
—e'cos/3t + £ sin 3t + 3¢ cos h/5t

NG

e % sin h+/5t

_ b

J5
6. Find L-l(&]
s? —8s+65

Solution :
-1 38_4 1 35—4
s? —8S +65 (s—4)? +49

[ 364) %L%J

(s—4)* +49 (s—4)* +49

(s—4)*+49
_gt 8% Jige/nf 1L
e ((3—4)2+49]+3 J3t ((5—4)2+49]

:3e4tL—1( . S j+864t|_—1( . 1 ]
S +49 S +49

:3e‘“cos?t+§e‘“L‘1( . ! ]
7 s°+49

=3e* cos 7t +§e4t sin 7t



20. Change of Scale Property

ifL(f (t)) = F(s) , then L™ (F(as)) =§ f (ij a>0

Proof:

F(s)=L(f (1)

0

= [ef (t)dt

0

F(as) = Te‘as‘ f (t)dt

Let at=t When t=0, t,=0
a
F(as)=|e™f (3]—
! a)a
I e-stlf(i dt,
ayg a

_ %Te-ﬂ f (é] dit ( j £ (t)dt :i f (tl)dtlj
(%))

L L(F(as)) _é G]

1
a

20.1. Problems :

2 2 _
1. If L‘l[ 82 -1 ]:tcost, then find L (M]

(s® +1)? (9s% +1)°

Solution :

L‘l( s°-1 ]—tcost
(s* +1)°

writing as for S,
202

|__1 % :l.lcos(lj
(a’s“+1) a a a
put a=3, 1 91 ) 1t S(L]
’ (9s?+1)* ) 33 3

te

9

=0



2. Find L‘l( 23 ]
(2s°-8)

Solution :

We know that L‘l( ] = cos h4t

(s —4%)
Putting as for S,

Lt % :icosh(ﬂ]
(2s)2-42 ) 2 2

Lt (i] = %cos h2t

4s® —16
(ie)
L‘l( 23 jzicosth
2s° -8 2
i S
3. Find L' —————
(sza2+b2]
Solution :
S S
s’a’+b*> as?a’+b?
1
=—F(as) where F(as):%
a s“+b

s 1 sa
N g =2 =
(32a2+b2j a (sza2+b2]

~ LRy
a

_l.lf(lj
a a a

where f(t)=L*'(F(s)) = L‘l(

] =cos bt

s® +b?

21. Result:
We know that if L(f(t)) = F(S),then L(tf (t)) = % F(s)
L(tf (t)) =—F'(s)

Hence | (F'(s)) = —tf (t)
=—tL7(F(9))
s LHF'(s)) = —tL Y (F(s))



21.1. Problems :

S
1 Find L ————
((SZ +a2)2]

Solution :

Let F()_m

F(s)

_(s +a)
RO = [

Put s’+a’*=u
2sds =du

(s? +a)

du
: (2
j(s +a) I
I S
S 2u 2(s*+a?)
-1

RS )_2(3 +a?)

We know that L(F'(s)) = —tL*(F (s))

E L_l( 2 > 2 2]:_“—_1( 2_:L 2 ]
(s°+a’) 2(s°“+a”)
:lL—l( 21 2]
2 s“+a

_llL—l a
2a s? +a’

:Lsinat
2a
2 Find Y| —_S5*3
(s* + 65 +13)°
Solution:
s+3
Let =F'(s
((sz+6s+13)2] ()
dF (s) _ s+3
ds (s? + 65 +13)?
CF(s) = (s+3)ds

(s’ +6s5+13)?



Put  s?4+6s+13=u
(2s+6)ds=du
2(s+3)ds =du

du
: -1
(ie) F(s):ju%zE
~ -1
~ 2(s? +65+13)

We know that L (F'(s)) = —tL*(F(s))

. L_]_ S+3 :—tL_l _1
: 2 2 2
(s“+6s+13) 2(s“+6s+13)
:LL—l I
2 (s* +6s+13)
:LL—l ;
2 (s+3)*+2°
toayaf 1 ]
—e”'L
2 (32+22
t

_e—3t EL—l 2 ]
2 2 52 422

~Lesinat
4

3. Find L (ﬂ]

(s* +2s+2)*

Solution :

F(s) = 22(s+1) :
(s°+2s+2)
dF(s)  2(s+1)
ds  (s?+25+2)>

B 2(s+1)
() _j(sz +25+2)°

Put s°+2s+2=u
(2s+2)ds =du
2(s+2)ds=du



F(s):jd—‘j

u
-1
U
4
242542

. L—l 2(S +1) _ _tL—l ( _1 j
. (s* +25+2)* $°+2s+2

=te'sint
4 Find Y St2
(s* +4s+5)?
Solution :
Let F'(s)= s+2

(s* +4s+5)?
Integrate both sides w.r.t ‘S’

S+2
(s®> +4s+5)°
(s+2)ds
jF (s) I(s +4s+5)?
(s+2)ds
(s®> +4s+5)°

F'(s) =

F(s)=]
Let y=s*+4s+5

F(s) = jdy/z dy = (25 + 4)ds

d
=—jd—y ?y:(s+2)ds

~ 2(s*+4s5+5)
We know that



L*(F'(s)) = ~tL(F(s))

L_]_ S + 2 _ _tL_l _1
(s* +4s+5)? 2(s* +4s+5)
L1 S+2 ot ( 1 ]
(s* +4s+5)? s’ +4s+5
Lt L
(s+2)°+1

1 1
s?+1

2sint

—

@
®
—

(¢}

5. Find L‘l(tan‘l(%))

Solution :

Let F(s)= tanl(%)

F’(S) 1 (—1j .. d (tan_l X) _ 1
- ( ) Todx 1+%°
S

a (S)_s +1(S j

_32+1

We know that L' (F'(s)) = -tL™*(F(s))

Or
LA (F(s) = LA (F'(9) W
. (1) becomes, L% (tan N (%)) = _Tl L'F(s)
ZEL—l( 21 ]
t s°+1

L‘l(tan‘l(%)):%sint



6. Find L (tan‘1 (84)+cot” (%))

Solution :

Let F(s)=tan" (%)5 +cot™ (%)
" <%> St
( j b? +s? ( j

b+s

F (S)—

F'(8)=o—03
s?+a

We know that L} (F(s)) = _Tl L™ (F'(s))
-1 -a b
) -1{a 1S =—L -
L (tan (A)+cot (%))— n L (s Y b2+82]
st
t s?+a’ b?+s?

1 4,4 a a4 b
=1L —-L
t ( (Sz+a2j (b2+52n

= %(sin at +sin bt)

7. Find L (Iog 1+a

Solution: )
Let F(s)= Iog(1+ /)
S F(s) = Iog(S :a ]

F(s) = log(s® + a?) —log s®
F(s) = Iog(s2 +a’)-2logs

S F'(8) == 2

s?+a’ s
We know that  L(F(s)) = Tl L™ (F'(s))

(A | (R

- %(1—cos at)



8. Find | ! { QM]

(s+h)
Solution:
(s+a)
Let F |
et F(s)=log =
=log(s+a)—log(s+D)
Fi(s) = ———— < LY(F(S) = LY (F'(s)
“s+a S+b ' ot
L‘l(log(Ha)] llL-l(i—L]
(s+Db) t s+a s+b
-1 -at —bt
= )
9.  Find L‘{Iog (s +a2)]
(s* +b?)
Solution:
(s*+a%)
Let F I
ot F(s) = log e

F(s) =log(s(s* +a*)—log(s” +b?))

F(s) =logs+log(s® +a®) —log(s® + b?)
1 2s 23

F'(s) == -

O =t e Gr0h

We know that  L(F(s)) = _Tl L™ (F'(s))

2 2
L1 Iogs(s +a%) :_—1L‘1(£+ 2s 2 ]
s(s?+b?) ) t s s*+a® s*+b?
-1 1 2s 2s
=—| LY = |+ ~-L!
t( (sj (sz+a2] (sz+b2n

:%1[1+ 2cosat —2cosht]




10. Find L‘{Iog 5(322 +l)(82_ 4)2]
(s°=9)(s“+4)

Solution :

Lot F(s) log ( (s +1)(s — 4)? ]

(s* - 9)(s* +4)

=log(s(s* +1)(s - 4)*) —log ((s* - 9)(s” + 4))
F(s) =logs+log(s” +1) + log(s — 4)* —log(s* — 9) — log(s* + 4)
Fs) :§+ Szzi1+ ?s(s—_ﬂf;? B 522f9 B szzi 4

we know that, L (F(s)) = _Tl L™ (F'(s))

N _ _
s s°+1 s—4 s°-9 s?+4

L‘l(log s(s? +1)(s —4)? ]

-1 (1 25 2 2s 2s
2 2 — L
(s"-9)(s"+4) ) t

= _Tl(l+ 2cost +2e* —2cosh3t—2cos 2t)

11.  Find L (Iog ij

(s*+a’)
Solution:
Let F(s)=log——2
s’+a
= log(s—a) — log(s® + a?)

, 1 2

F (S):—_ 2 2

s—a s’+a

We know that ! (F(s)) = _Tl L™ (F'(s))

L log f_az =_—1L‘1(L— 225 2]
(s* +a?) t s—a s°+a
-1 .( 2s 1

:TL s2+a’ s-a

el o)

:%(Zcos at—e™)




22. Theorem :
If L(f(t)) = F(s) and @(t) isafunctionsuchthat L(¢(t)) = F(s) and ¢(0) =0,then f(t) =¢'(t),

(ie), L(sf (s)) = % L (F(8))-

Proof:

We know that

L(¢'(t)) = sL(o(1)) - ¢(0)
=sF(s) (- ¢(0)=0)
(ie)L(e'(t)) = L(F (1))
~'(t)=1(1)

From this result, we get

L™ (s(s)) = f (t)
='(t)

d
:aﬁl’(t)

_ % LY(F(s)) (- L(p(t) =F(s))

Provided L'(F(s))=0 as t >0

Problems:

1. Find L >
(s+2)°+4

Solution :

bt
(s+2)°+4 (s+2)°+4

= i L 5 (using the above result)
dt{ (s+2)°+4

:ie_ZIL_l( 21 ]

dt s°+4

:ie_ZIL_l( 21 ]
dt S*+4

:i(e‘2t lsin 2t]
dt 2

- %(Ze‘2t Cos 2t +sin 2te ™ (-2)

= e ?'(cos 2t —sin 2t)



Aliter:

L‘l( s _ o[ s+2-2
(s+2)%+4) (s+2)°+4

a4 s+2 2
B (s+2)°+4 (s+2)°+4

—L‘l( S+2 oLt 1
- (s+2)°+4 (s+2)°+4

S 1
— e—2t L—l _ Ze—Zt L—l
(32 +2? ] s? +22

=g cos2t —2e™* %sin 2t

= e *'(cos 2t —sin 2t)

2. Find L-l( S ]
(s+2)°

Solution :

L‘l{—s -
(s+2)?) | (s+2)?
:L‘l(s.#]
(s+2)°
:iL-l( 1 ]
dt (s+2)?

— ie—ZtL—l (izj
dt S

=e " +t(e*(-2))
e (1-21t)

Aliter:

L‘l[ s |_[afs*2-2
(s+2)? ) (s+2)?

—L-l[ s+2 )42
T (s+2)? (s+2)?

- L‘l( L ]—Ze‘zt L‘l(izj
(s+2) S

=e ' -2e7't
=e ' (1-2t)




2
3. Find |5
(s? +a?)?

Solution:
s S
L—l — L_l S -
((sz+a2)2] ( (52+az)]

- i L* s
dt (52 +a2)2

— di(ZLSin at] (By the Previous Section 21.1 Problem No.1)

t\ 2a

1 ,
=—(atcosat +sinat)
2a

4. Find L‘l( & ]
(s-1)°

Solution :

(e loety
(s-1) (s-1)
2(aty
dt (s-1)*

d . ,(s-1+1
:—L 4
dt (s-1)

:%(e‘2t+t2e‘)+%( t3t? +t3e‘)

3.t
:te‘+e‘t2+t—e
6



5. Find L __s=3
s> +4s+13

Solution :

ot )
s?+4s+13 s?+4s+13 s> +4s+13
= i Lt (2;] 3Lt (2;]
dt S“+4s+13 S°+4s+13
SIS B S, T (N
dt (s+2)°+9 (s+2)°+3
d -2t —1( 1 ] 2t _1( 1 ]
=—e L -3 | ——
dt s? + 32 s? + 32
:i(e‘” sin 3tj—3e‘2‘(5in 3tj
dt 3 3

= %(C%e‘2t cos 3t —2sin3te*) —e* sin 3t

_ 5 ..
=g cos3t—§e 'sin 3t
23. Theorem :

Lt (F(S)] jL- (F(s))dt

Proof:
We know that,

L j F0dx | = 2 L(F )
0 S

Jt' f(x)dx=L" (l L(f (t))j
0 S

(ie)L* G F (s)] = [ f @)t s[~ F(s) = L(f ()]

0

j (F(s))dt

Lt (1 F(s)j = j L (F(s))dt
S 0

Note :
Similarly L‘l(sizF(s) :j;j;L"l(F(S))dtdt
Ll(sl F(s) :HIL‘l(F(s))dtdtdt
1 tt t o
L (S—F(s) = ! ! ----- ! L (F(s))dtdtn-t;r;]és--dt

n times



23.1. Problems :

1. Find L‘l( ! ]
s(s+1)

Solution :

t
Lt ! I Lt ! dt (by the above theorem)
s(s+1) (s+1)

0
t

= je“dt

2. Find Lt _ 1
s(s+2)°

Solution :

et
Jeel 2
RE

2j “22dt

1, (e? o2t o2\
ERENSEIEE)!
[ judv =uv-u'v, +u'v, J

_l _t26—2t B te—2t ~ e_2t +l
2 2 4 4

a2t
S T e
2| 2 2) 4

= %(1— (2t° + 2t +1)e‘2t)




3. Find L—l{ o4 J

s°(s-3)
Solution : .
L‘l( e ]:54”[L‘1( L ]dtdtdt
s°(s—3) 2% (s—=3)
ttt
=54j j j e¥dtdtdt
000
tt est t
=54j j (—] dtdt
00 3 0
tt
=18[ [ (e ~1)dtdt
00

dt

t 3t
=18[| St |- 1 olat
173 3

Il

[EEY

oo
O Sy —+
00|(Dg

|

—
~

4. Find | 1
s(s*+a’)

Solution :

_ 1 el 1
LY ——— =L = |t
s(s*+a’)) s“+a
el
ZJEL_l(sziazjdt
0
t
:ljsinatdt
aO
_i(—cosat]t
al a ),

= _—21 (cosat-1)
a

= ;—21 (1—cosat)



5. Find L_l %
(s°+a“)

Solution :

L_l( 2122]:[1( zs 22]
(s“+a“) s(s“+a’)
:L-l(l.;]
s (s*+a’)?

F S
=LY —5—— | dt
.([ ((82+a2)2]
t -
:jtsmat dt
o, 2a
cosat —sinat))
t "
0

(—t cosat sm at]
" 2a a a’

(By the previous section 21.1 Problem no.1)

s(s°—2s5+5)

Solution :

Lt —1 =1 (1—1 j
s(s®>—2s+5) s §°—25+5
1( jdt
s —2s+5
Lt ———— | dt
(s— 1) +2
eL dt
(S +22]

¢ Sin 2t

—

e

I
I
I
[

1t
:—je‘sinZt dt
2

0
t

1| € .
:E m(Sln 2t—2C082t)

0

- i[e‘ sin 2t — 2e' cos Zt]t
10 0
:i[et sin 2t —2e' cos 2t — 0 + 2]
10

:i[et sin 2t — 2e' cos 2t + 2}
10



7. Find ! 1
s(s®+6s+13)

Solution :

L 1 :r{i 1 ]
s(s® +6s+13) s s°+6s+13
t
:IE{——ET—Jdt
5 (s+3)°+4

t

—je‘“L‘l( jdt
5 s°+4
1
2

&H( jm
s°+4

2l°
j 'sin 2t dt
(e

t

:% 22( —3sin 2t - 2c052t)}

0

{‘3‘(33|n2t+2c052t) 2}

1
8. Find |__1 > w2
s(s“+a”)

Solution :

“(srer) - lewter)
s(s®+a%)° s?(s®+a?)’

tt . S
ZQQL (E?:Eﬁ7jmdt
If

= 23 sin atdtdt (refer the above problem)
1 tt
—{ﬁwmmm
2a00
t
%I(t( cosat (1)( smatndt
0
1 ¢(sinat _tcosat
— dt
23-}’3.( a’ ]o

(sinat—atcosat)dt

)
S




1 [-cosat | . —cosat |
= —tsinat —
2a°| a a 0
~1[2cosat . . T
:—3 +tsinat
2a° | .
—1[2cosat . . 2
:—3 +tsinat ——
2a a
1

:2—a4(2—2cosat—atsin at)

Inverse Laplace Transform using Second Shifting Theorem

If L(f(t))=F(s),then L(f(t—a)-U(t-a))=e *F(s) where ‘a’isapositive constantand U (t —a) is
the unit step function.

The above property can be written in terms of inverse Laplace operator as,
If L*(F(s)) = f(t) then L (e ™®F(s)) = f (t—a)U (t—a)
L (e ™F(s)) = L*(F(S)),,. -U (t —a) where U is the unit step function.

Thus we want to find the Laplace inverse transform of the product of two factors one of which is g7, ignore

e %, find the inverse transform of the other function and then replace t by t —a in it and multiply by
U(t-a)

Problems :

-s
1. Find L‘l(e ]
S+2

Solution :

-s
L‘l( © ]:L*(Lj U(t-1)
S+2 S+2 )1

=), Ut-1 where U is the unit step function.
=e 2Dy (t-1)

-2S
2. Find 1| &
s—1

Solution :

NESAT R
. (8_1]_{L (S_lj}tat—Z U(t 2)

=(e") . ,U(t-2) where U is the unit step function
=e"U(t-2)




3. Find L et
{(S +1)%

Solution :

] P N P | G YT
{<s+1)%] { [<s+1>%]}w o

_ 1 1
Now, L™| ——— |=e™'L™*| <~ | Using first shifting property.
(s+1)7 %

R S AT
) ('L (s] 0} ]

=€ 3 11 "
E.E.\/;
4 %
—— et 2
3r —
Substituting (2) in (1)
R —( 4 e“t%] U(t-1)
(s +1)% N tot-1
e’ 4 3
Lt _ % e p’zy(t-1
(s +1)% 3Vr )

Se—aS
4, Find I__:L (ﬁ], a> 0
ST—W

Solution :

L[ se™ s
L =4 U(t-a
(SZ _W2 ] { (52 _W2 j}tet—a ( )

= (coshwt), ,, ,-U(t—a)
=coshwt(t—a)-U(t—a)

-2S
5. Find L] -2
(s+1)°

Solution :

S e ) ] 4l 1

- ((s+1)3]_{L ((s+1)3]}w_2'u(t_2) )
mlgigleel
(s+1)° s°




=t @

Substituting (2) in (1)

L_l((se;ns]:(%tz] o2

_e(t-2)°U(t-2)

2
6. Find L ((3?;423]955]
S"+a

Solution:

()L
t—>t-5

a S
= 3|_-1( ]-4&( ﬂ U (t-5)
{ a’+s? a’+s? )| .

= (3sinat—4cosat), ,, ;U (t—5)
=3sina(t—5)—4cosa(t—5)-U(t-5)

o e—zzs
6. Find L (—(3—2)(S+5)]

Solution :

L e _ 1
(s-2)(s+5))  ((s-2)(s+5))_, .
1 A B
Nowy, = +
(s—2)(s+5) s-2 s+5
1=A(s+5)+B(s-2)

Put s=-5 Put s=2
B:__l AZE
7 7
a6
(s=2)(s+5)) 7 s-2) 7 s+5
_1ezt_le—5t
7 7

o L = i_i Ut-r)
' (s—2)(s+5) 77 )

eZ(t—zz) e—5(t—7z)
( T Ut-n)




24. Partial Fraction

The rational fraction P(x)/Q(x) is said to be resolved into partial fraction if it can be expressed as the sum of
difference of simple proper fractions.

Rules for resolving a Proper Fraction P(x) / Q(x) into partial fractions.
Rulel:

Corresponding to every non repeated, linear factor (ax+b) of the denomiator Q(x), there exists a partial

fraction of the form where A is a constant, to be determined.

ax+b
For Example:

) 2x—7 A B
() = +

(x-2)(3x-5) x-2 3x-5

5X* +18x + 22 A B C

(ii) =7 +

(x-D)(x+2)(2x+3) x-1 x+2 2x+3

Rule?2:

Correspondingto every repeated linear factor (ax + b)k of the denominator Q(x), there exist k partial fractions
of the forms,

A A A A
ax+b’ (ax+b)? " (ax+b)®’ (ax+b)"
where A, A, - A, are constants to be detemined.
For example:
: 4x—-3 A B C
(i) 5 = + + 5
(x+2)(2x-3)° x+2 2x-3 (2x-3)
3 X+2 A N B N C N D
W xCD@x+1)° x—1 (2x+1) (2x+1)?  (2x+1)°

Rule 3:
Corresponding to every non-repeated irreducible quadratic factor gx? + px +¢ of the denominator Q(x)

Ax+B
there exists a partial fraction of the form —————— where A and B are constants to be determined.
ax® +bx+c

(ax? +bx +¢) is said to be an irreducible quadratic factor, if it cannot be factorized into two linear fractors
with real coefficients.

Example:
0 x? +1 _Ax+B+Cx+D
(X*+4)(x*+9) x*+4 x*+9
(i) 8x°—5x* +2x+4 A B Cx+D

= + +
(2x-1)*(3x*+4) 2x-1 (2x-1)° 3x*+4

In the case of an improper fraction, by division, it can be expressed as the sum of integral function and a
proper fraction and then proper fraction is resolved into partial fractions.



Inverse Laplace Transform using Partial Fractions:

1. Find L (;]
(s+1)(s+3)

Solution :

Let F(s)= ;
(s+1)(s+3)

Let us split F(S) into partial fractions,
1 _ A N B
(s+1(s+3) (s+1) (s+3)
1=A(S+3)+B(S+1)

Putting s=-1 Putting ¢—_3

A:% B:—%
1 o, h

T 51D)(5+3) (541 (5+3)

[ L ]ZEL-{L]_ELA(L]
(s+D(s+3)) 2 s+1) 2 s+3

N SR
2 2
1 -t -3t
=—(e"-e
2( )
2 Find L™t ﬂ
s(s+3)(s—-2)

Solution :

2
Consider, _S+s-2 _A n
s(s+3)(s—2) s

B C
—+—
s+3 s-2
s’+s-2  A(s+3)(s-2)+Bs(s—2)+Cs(s+3)
s(s+3)(s—2) s(s+3)(s—2)
s?+5-2=A(s+3)(s-2)+Bs(s—2)+Cs(s +3)

puts =-3 puts=2 puts=0
9-3-2-B(-3)(-5) 4+2-2=C(2)(5) -2=AR)(-2)
4-15B 4=10C A=l
s .-.cz% °

15

c=2
5



_s'4s-2 11 4 1 2 1
s(s+3)(s-2) 3 s 15 s+3 5 s-2

=
2

N =1L-1(3]+ir1(—1 j+3ri(—l ]

s(s+3)(s-2)) 3 s) 15 s+3) 5 s—2

=—1)+—e" +—e
3() 15
3. Find L_l(z;]
S°+5s+6
Solution:
Consider S = S = A + B
$2+55+6 (s+2)(s+3) (s+2) (s+3)
s=A(s+3)+B(s+2)
Puts=-3 Puts=-2
-3=A(0)+B(-1) -2=A(1)+B(0)
-3=-_B A=-2
B=3

S 2 N 3
(s+2)(s+3) (s+2) (5+3)

'.L‘l(—s ]:—ZL‘l( L ]+3L‘1( 5 ]
(s+2)(s+3) (s+2) (s+3)

=-2e7 +3e™
4. Find L %
(s+1)
Solution :
Consider S _ A + B
(s+1)° s+1 (s+1)°
S  A(s+1)+B
(s+1)° (s+1)°
s=A(s+1)+B
Puts=-1 Puts=0
0=A-1

A=1



s 11
(s+1)* s+1 (s+1)

s oot
(s+1)2)  |s+1 (s+1)?
:L—l(ij_rl( 1 ]
s+1 (s+1)°
:e_t_e_tL_l(iZj
S

=e'—e'(t)=e"'(1-1)

5 Find Lt 5s? -15s-11
' (s+1)(s—2)°

Solution ;
5s?-155-11 A B C D
= + + +
(s+1(s-2)° s+1 (s-2) (s-2)* (s-2)°
5s?—155-11=A(s—-2)° +B(s+1)(s—2)* +C(s+1)(s—2) + D(s +1)

Puts=-1 Puts=2 Equating the Equating the
—27A=9 3D=-21 coefficient of s*  constant coefficient
A_—9 D=-7 A+B=0 -8A+4B-2C+D=-11
27 __
B=-A 8.2 sco7-n1
AL 1 3 3
S g1
3 3 ~2C=-8
C=4
-1 1
 5s?-155-11 3 .3 4 7

T sD)(5-2)7 s+1 5-2 (5-2° (s-2)
L-1(532—153‘121]2‘—1L-1(ij+3r1(i]
(s+1)(s—-2) 3 s+1) 3 s—2
+4L‘1( L 2]-7&( L ]
(s—2) (s—2)°

I P IR (izj —7eLt (is]
3 3 S S

P T B
3 3 2



2
6.  Find L‘{—ZS +53+2]

(s-3)*
Solution:
2s° +5s+2 . _ _
To resolve W into partial fraction
S —_

we substitute s—3=y (or) s=y+3

 28°+5S+2  2(y+3)*+5(y+3)+2
- (s-3) y*
_2(y*+6y+9)+5y+15+2
y4
_2y*+17y+35

4

y

2 17 35

y: oyt oyt
232+53+2_ 2 17 35

= + +
(s-3)" (s-3)° (s-3)° (s-93)°

2
'-L_1(23+—5S4+2]=2L‘1( : 2]+17L-1( L 3]+35L‘1( 1 4]
(3—3) (3—3) (3_3) (5_3)
I | I
g2
S 2 S 6 S

=2e% -t+%e3‘t2 + B pen

7. Find L‘{ s° ]
(s> +a®)(s+Db?)

Solution :

2

S A B
= +
(s> +a%)(s*+b%) (s*+a’) (s°+b%

s? = A(s* +b?) + B(s* +a%)

Put s*=-a®, —a’=A(-a’+b?%)
-a’ a’

A= b? _ a2 - a2 _b?

Put s? =—b?, —b?=B(-b?+a?)
_b2
B= a’—b?



a’ —b?
S _ a.2 _b2 N a2 _b2
(s> +a®)(s®+b?) (s*+a®) (s®+Db?)

1 a® b
Ca?-b?(s?+a? s?+b?
L1 s _ 1 L1 a® b
(s +a’)(s*+b?) ) a*-b? s+a’ s*+Db?

1 a’ b?
= L_l — L_l
az—bz( (sz+a2] (52+b2n

=7 1 o’ (asinat —bsinbt)

2

8. Find L* 1-s
(s+1)%(s* +4s+13)

Solution :

1-s A N Bs+C
(s+1)(s°+4s+13) s+1 s*°+4s+13
1-s=A(s* +4s+13)+(Bs+C)(s+1)

Putting s = —1 Equating coefficient of 52 Equating constant coefficient
A=l B=-A 13(3]+C=1
5 -1 5
B=— 13
5 C=1-=2
5
c=-2
5
i 1.8
(ie), 1-s -5, 5 5
(s+1)(s*+4s+13) s+1 s®+4s+13

B 1-s —EL-l(i]_lL-l( s+8 ]
(s+1)(s*+4s+13) ) 5 s+1) 5 s’ +4s+13

e"—lL'l( S+2+6 ]

- 5 ((s+2)%+9
4 1. S+2 1 _ 6
=—e' LY —— |- S| 55—
5 (s+2)°+3 5 (s+2)°+3
=Ze" —ie‘2t cos?,t—ge‘2t sin 3t
5

3

—ie‘2t cos 3t —%e‘” sin 3t



2
9. Find L 4s _233+5
(s+1)(s"—3s+2)
Solution :
45> —3s5+5 A . Bs+C

(s+1)(s*—3s+2) TS5+l s7-3s+2
4s® —3s+5=A(s*-3s+2)+(Bs+C)(s+1)

Puttings =—1 Equating coefficient s? Equating constant coefficients
6A=12 4=A+B 5=2A+C
A=2 B=2 C=5-2A
Cc=1
4s* —3s+5 2 2s+1

= +

(s+1)(s*-3s+2) s+1 s*—3s+2

L1 4s? —3s+5 —L‘l( 2 ]L‘l( 2s+1 ]
(s+1)(s* —3s+2) s+1 s*—3s+2

2s+1

Lt
) [(s—s/zf—%}

2e‘+2L1[S+ 222+2
(s-%) -

=2e"'+ Ze(z} Lt s + 4e[%jt sin h(%) -2

3
=2 '+ Ze(th cosh Gj + se%t sinh G]



25. Convolution of two functions
t

If f(t) and g(t) are given functions, then the convolution of f (t) and g(t) is defined as I f(u)g(t—u)du.
0

Itis denoted by f (t)* g(t).
25.1. Convolution Theorem

If f(t) and g(t) are functions defined for t >0, then L(f (t)*g(t)) = L(f(t))L(g(t))

(ie) L(f(t)*g(t))=F(s)-G(s)
where F(s) = L(f(t)),G(s) = L(g(t))

Proof:

By definition of Laplace Transform,

We have  L(f(t))*g(t) = Te‘s‘ {F(®)=*g(0)}dt

e {j f(u)g(t—u)du}dt

0

e " f (u)g(t —u)dudt

Ot 8 O3
[ SE——

on changing the order of integration,

:T f (u){Te‘s‘g(t—u)du}dt

Put t—u=v when t=u, v=0
dt =dv when t=o0, V=00

L(f(t)*g(t) = T f(u) {Te‘s‘“w)g (v)dv}du

0

- J' f(u)e™ {T eVg (v)dv} du

0

= Tes“ f (u)duTe‘SVg(v)dv
0 0

e f (t)dt[e g (t)dt

O =y 8

= L(F(1)L(a(1))
~L(F (1) * g(t) = F(s)-G(s)



Corollary :
Using the above theorem

We get,

L™ (F(s)-G(s)) = T (1) *g(t)
=L (F(s)*L™(G(s))

Note:

F)*g® =g f()

1 Find the value of {1 %g™

Solution :

Let f(t)=1 g(t)=¢e"
f)=1 g(t-u)y=e"
:e—teu

By definition, f (t)+ g(t) = j f(u)g(t—u)du

1xe' = Jt'le“e“du
0
=e'(e"),
=e'(e'-1)
=]1-e"

2. Evaluate 1=sint
Solution :
Let f(t)=sint g(t)=1
f(t)=sinu g(t-u)=1
By definition, .
f©)*g(t)= f(u)g(t-u)du
0

t
txe' :jsinul-du
0

= —(cosu),
=—(cost-1)
=1-cost



3. Evaluate e' *cost
Solution:
Let f(t)=cost g(t)=¢'
f(t)=cosu g(t-u)=e""
—el.p

t
f(t)*g(t)=[ f()g(t-u)du
0
t
e' *cost :jcos ue'e “du
0

t
e' xcost = e‘je‘u cosudu
0

t

¢ e :
=e {m(—cosu +sin u)]

0

ax

{.-Ie”cosbxdx: 2e 2(acosbx+bsinbx)}
a“+b

e . 1
=¢'| —(-cost+sint) —=(-1
{2( ) 2( )}
:i(sint—cost)+£et
2 2

:%(sint—cost+e‘)

4, Use convolution theorem to find L™ ;
(s+a)(s+b)
Solution :
L—l 1 — L—l 1 * L—l l
(s+a)(s+b) (s+a) (s+Db)
— —at * e—bt
— e—aue—b(t—u)du

e—aue—bt+budu

" g-(abu t
=e
{—(a—b)}o
_ e—bt
~ —(a-b)
B e—at . e
~ —(a-b) (a-b)
1

— a_b (e—bt _e—at)

Ot + O%=—y~ (D

(e—(a—b)t _1)

—bt




UNIT Il
APPLICATIONS OF LAPLACE TRANSFORM

1.1 INTRODUCTION

Laplace transform is a powerful integral transform used to switch a function from the time domain to the s
- domain. It can greatly simplify the solution of problems involving differential equations. Itis very useful in
obtaining solution of linear differential equations both ordinary and patrtial, solution of system of simultaneous
differential equations, solution of integral equations and in the evaluation of definite integral.

Ordinary and partial differential equations describe the way certain quantities vary with time such as the
current in an electrical circuit, the oscillations of a vibrating membrane, or the flow of heat through an
insulated conductor these equations are generally coupled with initial conditions that describe the state of

the system at time t = 0. A very powerful technique for solving these problems is that of Laplace transform
which transform the differential equation into an algebraic equation from which we get the solution.

Solutions of Differential Equations using Laplace Transform
The following results will be used in solving differential and integral equations using Laplace transforms.
Theorem :
If f(t) iscontinuousin t>0, f'(t) is piecewise continuous in every finite interval in the range t > o0 and
f (t) and f'(t) are of exponential order, then
L(f'(t)) =sL(f(1))-f(0)
Proof :

The given conditions ensure the existence of the Laplace transforms of f (t) and f'(t).
By definition, L(f'(t)) = [e ™ f (t)dt
0

ed (f (1))

O t—3

= [e"st f (t)]w —J.(—S)e"st f (t)dt, on integration by parts
0
0

= tLir;g[e-st f(t) |- f(0)+s.L(f (1))

=0- f(0)+sL(f(t)) [ f(t) is of exponential order]
=sL(f(t)-f(0)
Corollary 1

In the above theorem if we replace f (t) by f'(t) we get,
L(f"(t)) =sL(f'(t) - f'(0)
=s[sL(f(t)- f(0)]- f'(0)
= s?L(f (t))—sf (0)— f'(0)
Repeated application of the above theorem gives the following result:

L(F (1)) = S"L(f (t))=s"f (0) = s" 2 F1(0) —.....— f"*(0)



Solved Problems :
1. UsingLaplace transform,solve y'—y =t,y(0)=0.

Solution:
Given y'-y=t,y(0)=0

Taking Laplace transfrom on both sides,
L(y)—L(y)=L(t)
1
2

sL(y)-y(0)-L(y)= s

L(y)[s_1]=si2

1
L(y) “S6D)

| 1
ny=t {52(5—1)}

Il
D /N Ot~ Oy

tt-1

2. Solve y"—4y' +8y =¢*,y(0)=2 and y'(0) =-2.
Solution ;

Taking Laplace transforms on the sides of the equation, we get
L(y")—4L(y") +8L(y) = L(e*)
1
[S°L(Y) = 5y(0) ~ ¥ (0) |- 4[SL(Y) - Y(O)] +BL(Y) = —

ie,[s?—4s+8]L(y) :SLZ+ 25-10

1 2s-10
2 + 2
(s—=2)(s"—4s+8) s°—4s+8
A Bs+C 2s-10
= + +
s—2 s°—45+8 s?*—-4s5+8

L(y)=




SolvingwegetAzl, B=—, C:E
4 2

1 A1
4 . 4 2 . 2s-10

s—2 s?’—4s+8 s*-4s5+8
i 719
__4_, 4 2
s—2 S8°—-4s5+8
1 Tis_2)-6
__4 .4
S—2 (S-2)%+4
;
)
y:lL_l L +e2t 4
4 s—2 s?+4

_ le” +e Zcos 2t —3sin 2t
4 4

:%e” (1+7cos 2t —12sin 2t)

3. Use Laplace transform to solve y’'—y =¢' given that y(0) =1

Solution:

y-y=¢
Taking Laplace transform on both sides of the equation, we get ' —y =t, y(0) =0

1
[sL() - y(@]-L(y) =—
s-1
L(y)[s-1]= L+1
s-1

S
L(y) = (S—l)2

1 S
=t {(s—l)z}
_ L_{(s—l)+1}
(s-1)°

=1 [L} + Lt {_1 }
s—1 (s-1)?

=e'+te'
=e'(1+1)




2

d
4.  Solve dtz +9y =18t giventhat y(0)=0= y(%)

Solution :

2

d°y
dt?

Taking Laplace transform on both sides of the equation, we get

y"+9y =18t where Y'=

L(y")+9L(y) =18L(t)
18

[°L(y)-sy(0) - y'(0) | +9L(y) = =

L(y) [sz +9] = i—?+ y'(0)

[ y'(0) is not given we can take it to be a constant a]

18
=5 Ta
_as’+18

SZ

as® +18
L(y)=— T2
) s?(s*+9)
a 18
= +
s+9 s*(s*+9)

18
] L P A
g (32+9] (sz(sz+9)]

-1 a -1 2 2
=L 249 +L S_z_ (Sz+9) (using partial fractions)

asin3t
= +
a

2,[_25|n3t

Now, using the conditions y =0 and t :% we have

a . (371] 2 . (371]
0 ==sin| — |+ 7 —=sIn| —
3 2 3 2

Hence g =37 +2

(37 +2)sin 3t 2sin 3t
y= +el—

2t

=sin3t + 2t



Solution of Integral equations using Laplace transform
Theorem :

If f(t) is piecewise continuous in every finite interval in the range t > Q and is of the exponential order, then

L j F(O)dt | =2 L(F )
S

0

Proof:

Let  g(t) =j f (t)dt

g'(t)=f(t)
L(g*(t)) = sL(g(t)) - g(0)

ie L(f(D)= sLU f (t)dt]—j f ()t

0

0

L jf(t)dt Lty
S

Corollary :

tt
L{”f(t)dtdt}%uf(t))
00 S
In generl
1
Dj ..... If(t)(dt) }:S—HL(f(t))
Problems :
t
1. Solve y+ I ydt =% + 2t
0
Solution :
t
Given y+Iydt =t*+2t
0

Taking Laplace Transform on both sides

L(y)+ LU ydt] = L(t°) + L(2t)

L+ L) - 83 2

o]
S

+
w
L 1



t
> SO|Ve3—¥+2y+Iydt:2cost, y(0)=1
0

Solution:
Given y’+2y+jydt:2cost
Taking Laplace Transf(;rm on both sides
L(y)+2L(y)+ LU ydt] = 2L(cost)
0

2s
s?+1

1
sL(y)—y(0)+2L(y)+g L(y)=
2s
s?+1
s°+2s+1|  2s
S s?+1

s?+2s+1 s
L =
) { s?+1 }[32+23+J

s
s?+1

y= L‘l[ ZS 1}:cost
s?+

t
3. Using Laplace Transform solve Y + I y(t)dt=¢™
0

L(y)[s+2+ﬂ—1:

L(y){ +1

Solution:
t

Given y+ I y(t)dt=¢™
0

Taking Laplace transform on both sides,



L(y)+L@ y(t)dt]: LEY)
L+ L) =<

L(y) [1+ﬂ - L

L(y) [ST”} -—

L(y) =ﬁ

Lt S Lt s+1-1
= (s+1)? ) | (s+1)?

el
S+ S

y=e"'—e’'t
y=e'(1-1)

t
4. Using Laplace transform, solve X+ I X(t)dt = cost +sint
0

Solution:
t
X+ I x(t)dt = cost +sint
0

Taking Laplace transform on both sides,

t

L(x)+ L[J‘x(t)dt] = L(cost +sint)

0

L(x)[l+1}: s+l
S s +1

L(X)[S_'_l}— s+1

s | s?+1

s+1 S
R ey bed

S
L(x) =
) s?+1

.'.x:L‘l( 23 1]:cost
s%+




Solving Integral Equations using convolution

Theorem :

t
By the definition of convolution, we have f (t)*g(t) = I f(u)g(t—u)du
0

and by convolution theorem, L(f (t)*g(t)) = L(f (t))L(g(t))
Problems :
t
1. Solve y=1+ Zfe‘z“y(t—u) du (1)
0

Solution :

O —_—

t

e y(t—u) du is of the form [ f (u)g(t—u)du where f(t)=e™, g(t)=y(t)
0

Taking Laplace Transform on both sides of (1),

L(y)=L@)+ ZLUe‘Z“y(t —-u) du}

1
:§+ ZL[ * y(t)} (Definition of convolution)
1 _
= S +2L(e*)L(y) (Convolution theorem)
L - 2( ! j L(y)
S S+2

L(y) =§+S+i2 L(y)

L(y)[ - }%

[S+2

L(y )—

2
T
1 2
=L =+=
g (s szj

y=1+2t

1
s
1
S

t
2. Using Laplace transform solve y =1+ I y(u)sin(t—u)du
0
Solution :
t
Given 'y :1+Iy(u)sin(t—u)du
0

Taking Laplace transform on both sides,



L(y)=L@D)+ Lﬁ' y(u)sin(t—u)du} I Y

t t
Now the integral Iy(u)sin(t —u)du is of the form I f (u)g(t—u)du where f(t)=y(t), g(t)=sint
0 0

.. (1) becomes

L(y) :%+ L(y(t)*sint)

1
s?+1

L(y) =§+ L(y)-

1
=1+=t?
y 2

t
3. Using Laplace transform, solve f(t)=cost+ Ie"“ f(t—u)du
0

Solution :

t
Given that f(t) :cost+fe‘“f(t—u)du (1)
0

Taking Laplace transform on both sides of (1),

L(f(t)) = L(cost) + LU e " f(t —u)du}

+L(e™ = f (1))

s?+1
=2 L(eYL(F ()
s°+1

S 1

e s Y



1 S
L(f(t))[l_m}:s%l
S

L) =S

4 S 4 1
o=t (ﬁ]L (sm]

f(t) =cost+sint

t
4. Solvethe integral equation y(t) =t* + I y(t)sin(t—u)du
0
Solution :
t
y() =t* + [ y()sin(t—u)du
0

Taking Laplace transform obn both sides,

L(y(t))=L(t*)+L ﬁ. y(t)sin(t — u)du}

uw=§+uwonm0

= £+ L(y)L(sint)

S3




Simulaneous differential equations

1. Using Laplace transform solve

given x(0) =2 and y(0)=0
Solution:
Applying Laplace transform to the given equations
Weget,  L(x')+L(y)=L(sint)
L(y") + L(x) = L(cost)

sL(X) = x(0)+ L(y) = 21
s +1
SL(Y) - Y(0) + L(x) =
s°+1
SSL)+L(Y)=——+2
s +1
- 2382 :13 —
Also sL(y)+L(x)= SZS+1 —
(D)xs= s?(x)+sL(y) = (232—+3)S (3
s +1
@= L0+l =5y __@
) _(25°+3) s
(3-(4) (s"-1L(x) = 711 P11
_25°+2s
st +1
L) = .
Substituting (5) in (2), we get
sL(y) = s 25 s(s*-1)-2s(s*+1)
Ve v (s* +1)(s* 1)
. -5°-3s
(s +1)(s2-))
_ —s(s*+3)
(P +1)(1-5?)
L= ()

(s> +1)(1-5%)



From (5), x:l_‘l( 2s ]

s?-1
= 2cosht
gLt (s*+3)
(1-s°)(s* +1)
2
Consider (82 +§) = A + B +CS;+D (N
- + - - -
(@-s)(s"+1) 1-s 1+s s°+1
$*+3=A+s)(s* +1) + B(1—s)(s* +1) + (Cs+ D)(1-s)(1+5s)
Put s=1 4=A(2)(2)
=>4=4A= A=1
Put s=-1 4=B(2)(2)
=B=1
Put s=0, 3=A+B+D
3=1+1+D
=D=1

Comparing the coefficient of S,

0=A-B+C
=C=0

Substituting the values of A, B, C, D in (7) we get

(s*+3) _ 1,1 1
1-s°)(s*+1) 1-s 1+s s°+1

o e e )
1-5 1+s s +1

y=—e"+e" +sint

Hence the solutionis X =2cosht and y=—e™ +e™" +sint

dx
2. Solve —+ax=Yy
at

d—y+ay:x

dt

giventhat X=0 and y=1when t =0

Solution :

Applying Laplace transform we get



L(x)+aL(x)=L(y)

L(y)+aL(y) =L(x)

= SL(x)—x(0) +aL(x) = L(y)
sL(y) - y(0) +aL(y) = L(x)

Given that x(0) =0, y(0)=1

- SL(x) —x(0) +aL(x) = L(y)
sL(y) - y(0)+aL(y) = L(x)

~.sL(x)+aLk(x) =L(y)
sL(y)-1+aL(y)=L(x)

s(s+a)L(x)=L(y)
(s+a)L(x)-L(y)=0 @
-L(x)+(s+a)L(y) =1 (2)

W+ (s+a)x ()= L(y)|[(s+a)’-1|=s+a

~L(y)

_ s+a
~(s+a)’-1

1
(s+a)’ -1

Also by (1) L(x) =




UNIT IV

FOURIER TRANSFORM
Fourier Transforms
Complex Fourier Transform (Infinite)
Let f(x) be a function defined in (-o0,0) f : R — C and be piece-wise continuous in
each finite partial interval then the complex Fourier transform of f(x) is defined by

F(s)=F{f(X)}= \/_ j f (x)e™*dx

Inverse Fourier Transform

Inverse complex Fourier transform of F(s) is given by

f(x)=F" [ F(s)e™ds

[F(s)]= \/—ﬁ
Properties of Fourier Transforms
1. Linearity property
If F(s) and G(s) are the Fourier transforms of f(x) and g(x), then
Flaf(x) + bg(x)] = aF[f(x)] + bF[g(x)]
2. Shifting property
If F[f(x)] = F(s) then F(f(x — a) = €' F[f(X)] = e F(s)

3. Changeof scale property
If F[f(x)] = F(s) then F[f(ax)] = ﬁ F(ij where a= 0
a a
4. Shifting in s

If F[f(x)] = F(s) then F(e ®f(x )) = F(s+a)

5. Modulation Property

If F(f(x)) = F(s) then F[cos axf ()] = = [F(s+a)+F( s-a)



6. Fourier transform of Derivative

If F[f(x)] = F(s) and derivative f '(x) is continuous, absolutely integrable on (-oo,
o), then F[f '(X)] = - (is) F(s) if f(x) > 0asx —> + o

7. Derivative of transform

If F[f(x)] = F(s) , then F(x" f(x))= (.)nd F(S)

Definition: Convolution of two functions.
The convolution of two functions f(x) and g(x) is defined as

F()*g(x) = f—T f(H)g(x—tydt

T

PROBLEMS

|x|<a
| x|>a

1, = s
Problem 1. Find the Fourier transform of f (x) = {0 . Hence evaluate | NS .
y 0 S

Solution: Fourier transform of f(x) is F(f(x)) = j f (x)e"dx
\/_

eisxdX

? (cos sx +1 sin sx) dx

T cos sx dx (..sinsx is an odd fn.)

a
[ cos sx dx
0

F(s) = % [sinsas}

By inverse Fourier transforms,



f(x)= \/_j F(s)e*ds

© |2 sin as .
= — COS SX —i sin sx) ds
s >
100
=—]
T —o

sin as cos sx ds [ smsas sin sx is odd}
2= (sin as

f(x)= =] ( )cos sx ds
T 0

Puta=1,x=0

FO)=27 Mg
T o S

Exl Tﬁd( f(x)=l-a<x<a)

ff Mg T

o S 2

Definition: If the fourier transform of f(x) is equal to f(s) then the function f(x) is called
self-reciprocal. i.e. F(f(x)) = f(s)

Problem 2: Find the Fourier transform ofe 2> . Hence prove that e 2 is self-reciprocal
with respect to Fourier Transforms.

Solution:

FLf ()] = TT f (x)e™dx
T —a xzeisxdX
T e—(a2x2)+isxdx

[ e @i gy (D



- - 2 . 2
Consider a®¢* —isx = (ax)® - 2(ax)@ + (Ej _(Ej
2a \2a 2a

. 2 2
IS S
=£ax—£j +ra2 (2)

=—e_gj et = Lett=ax—£,dt=adx
2a

Fle®]=— e “@ .z [.‘.];e‘zdtzx/;}

F[e_ax ]:_eﬂ (3)

F[e—x2/2] — e—52/2

-.e%"%js self-reciprocal with respect to Fourier Transform.
Problem 3: State and Prove convolution theorem on Fourier transform.

Solution:

Statement: If F(s) and G(s) are Fourier transform of f(x) and g(x) respectively, Then the
Fourier transform of the convolutions of f(x) and g(x) is the product of their Fourier
transforms.

i.e. F[f(x)*g()]=F[ f (IF[g ()] = F(s)G(s)

Proof:



Ff*g) = —— [ (F*g)(x)e™ dx

LT F ()9 (x—t)dt & dx
27 —o

§—s8

NEE
Y

JRC

§—s8

g(x t) e'*dxdt

jji f(t) (oj; g(x—t)e™ dx)dt

T fOF(g(x—t)dt

a‘ N N N N N

_?; f@e™ Figmdt [ f(g(x-t)=e"F(g(®)]

_ Lw ist . —
= ﬂ_{of(t)e dtG(s) [.. F(g(t)) =G(s)]

F(f*g)=F(s).G(s). [.. F(f () =F(s)]
. . a’-x% |x|<a
Problem 4: Find the Fourier transform of f(x)= 0 x| and hence evaluate
X|>a
(0 i (Slnt_StCOStjdt (i) ; (smt tcostj it
0 t 0 t?
Solutions:

Fourier transform of f(x) is

F(f(x)) = T f(x).™dx

0+ ? (a’ —xz)eisxdx+0}

? (@® —x*)(cos sx +i sin x) dx}

ﬁ.\) ﬁ" ﬁp ﬁp
a‘ N N N
I 1 I

? (a® — x?) cos sx dx [ (a® — x?)sin sx is an odd fn.]
0



_ %(az—x )(sm sxj (2x )( cossxj (2)(S|n sxﬂ

2| . 2acosas N 2sin as}

= —10-—

| s? s

3

_ [2[ —2ascosas + 2sin as
7| s

Fs) = 2\/§[sin as—?scosas} ()
P S

By inverse Fourier transforms,

f(x) =

-1 T 2\/§(Sin as—ascosas} (cossx —i sin sx) ds
‘\1272' —00 T SS

f(x)= 2 T Snas— 28 €S8 (ossx dx (the second term is on odd function)
s

T F(s)e"™dx

N
g

T —o

4 = sin as — as cos as
f(x)=—| 3 Cos Sx dx
S

T 0

Puta=1

w —-x%,|x|<1
f()_—j sins— scosscossxdX [f(x):{l X%, X| }

= 0 |x|=1
Putx=0

) f(0)=1-0
f(O)——I de { © }

s =1
1=£°° Mds
T o S

j o dt=7 [by changing s -]
0

Using Parseval’s identify



[ IFE dS—I | £ (01 dx

—00

i 2
T[Z g(smas—a;scosasﬂ ds= ] [a—x [ dx
S —0

—o0 T

. 2
; ﬁ(_j ds= [ (1-x2)2dx(puta=1)
-1

- T

. 2
© _ 1
2><—8j (—sm S :cossj ds=2[ (1—x?)*dx
T o S 0

5 3t
J(sms scossj ds = 2 X+X__2L
S 5 3 .

T Sin S—SCcoSS dzlxzizﬁ
0 s? 16 15/ 15

. 2
Puts=t | sin t—stcost .
0 t 15
. . - x|, |x|<1 .
Problem 5: Find the Fourier transform of f(x) = 0 x|21 and hence find the
o0 o0 1 4
sm t . (ii) i sn;4 tdt.
0

Solution:

The Fourier transform of F(f(x)) = \/_ J f (x)e"dx

= %} (21— x|) (cossx +isin sx)dx
T -1
1t . .
= EL (@] x|) cossx dx [.. (A—| x|) sin sxis anodd fn.]

oo o)

i
S



_ 2 {_coss+i}
/_272 §2 s2

Fis) = \/%[1‘:2035} ®

(i)

f(x)

o215

(i)

By inverse Fourier transform

ﬁp
y
§—8

F(s)e™*ds

ﬁ\

T \/7[1 ;:OS S} (cos sx —i sin sx)ds (by (1)

am

T (1 cossj cos sx ds (Second term is odd)

1-coss

j cossx ds

Putx=0

f(0)= 1-|0J= 2 | (1 Cossjds
To S

(1—czossj ds= %
S 2

A 2
2sin 55/2) ds= %
S

o8

o—38

Putt=s/2 ds = 2dt

2sin?t

«© T

2dt ==

({ (2t)? 2
= sin?t s
dt==—.
i t? 2

Using Parseval’s identity.

TIF@Pds=] TP ox



i N{l 5"“)} ds=] @ 1x)?on

27 [1 C°Ssj ds=] (- x])?dx
T —» -1

~2f (1-x)%dx

16 |51 2 d
=7 —Zilett=s/2,dt=2
3’ 2

%j Zdt__
t

16 16 < (smtj giol
1670 \ 2t 3
T(smtj gt
0 3

e [ |f@O)dx=] |F(s)Pds

Fourier Sine and Cosine Transform

Infinite Fourier Sine Transform of f(x) is denoted by Fs{f(x)] and is defined as

FLf()]=F(s) =\/%Z f (x)sin sx dx

Inverse Fourier Sine Transform is



f(x)= F[F.(s)]= \/%I F. (s)sin sx ds

The Fourier cosine Integral of f(x) in (0,) is

F[f()]=F.(s) =\/ZT f (x) cos sx dx

This is known as Infinite Fourier Cosine Transform of f(x).

The Inverse Fourier Cosine Transform is

f(X)=F ' [F.(s)]= \/%]3 F. (s)cos sx ds

Properties of Fourier Sine and Cosine Transforms

1.
(i)
(i)

(i)

(i)

(i)

(iv)

Linearity Property
Felaf(x) + bg(x)]  =aFc[f(x)] + bFc[g(X)]
Fs [af(x) + bg(x)] = aFs[f(x)] + bFs[g(x)] where a and b are constants.

Modulation property

If Fc[f(X)]= Fc[s] and Fs[f(x)]= Fs[s], then

Flf(9 cos @] = 2[F.(s-+2) + F.(s - a)]
F[f(0) cos ax]= [F.(s-+2) + F.(s-a)]
Flf(4) sin ] = - [Fi(s+a) - Fi(s-a)]
FAf(0) sin ax] = - [Fu(s-2) - Fe(s+a)]

Change of Scale Property

(i) FC[f(ax)]zéFC(zj if a>0 (ii) FS[f(ax)]ziFS(ij if a>0

Differentiation of sine and cosine transform



() FelXF (0] = TF ()] = [Fs (F(O)

() F.[x1 (9] =~ TFe (9] =~ < [Fe (F ()]

5. ldentities

If Fc(s) and Ge(s) are the Fourier cosine transforms and Fs(s) and Gs(s) are the Fourier sine
transforms of f(x) and g(x) respectively then

o0 o0

) [ f00g(dk=[ F.(5)G.(5)ds

0 0

0

F()g(x)dx = F,(s)G,(s)ds

0

=
O ey 8

i)

o—38

| £ (0 dx=°’§ IF.(5) [ dszjj |F.(5) [ ds

Problem 1: Find the Fourier cosine and sine transformation of f(x) = e®, a> 0. Hence

deduce that T de=£e’“. andof Mdt—i

—-alx|
2 2 - €
o 1+X 2 0o a“+t 2a

Solution:

The Fourier cosine transform is F.[ f (x)] = \/ZT f (x) cossxdx
TOo

= F.[e™]= \/ET e cossxdx
To

2| e™
=.|— (—acossx +ssin sx)}

o0

| a?+s?

0

2[ 1 2 a
= [<|0- —a+0)|=.|%.
| a2+32( )} \/;aers2

The Fourier sine transform is F,(f (X)) = \/ZT f (x)sin sx dx
TOo

F.(e™)= \/%I e ¥ sin sx dx




2 e—ax

| a®+s?

2[ 1 2 s
=./—|0- 0-53)|=.—.
| a2+32( )} r a’+s?

-1 (757)

By inverse Sine transform, we get

o0

(—asin sx —scos sx)}
0

f(x)= \/%z F, (s)sin sx dx

o [ S .
= |= — sin sx ds
Vﬂg Vn(sz+a2j

Replace ‘s’ by ‘x” and ‘x’ by ‘s’

© XSin SX T
-dx=—e™.
o 1+X 2

Using Fourier inverse cosine transform,

f(x) = e = \/Zof F.(s) cos sxds
TO




= ET\/Z 2 |cossx ds
ro Vzla®+s?

2a® COSSX

————ds
7o a’+s?

= @T C?_L)itzdt (Replace ‘s’ by ‘t")

7T o a +

° X
J. cos xt dt:ieialxl

o a®+t? 2a

cosx, O<x<a

Problem 2: Find the Fourier cosine transform of f (x) ={ 9 S
: X>a

Solution:

F.(f(x) :\/gz f (x) cos sx dx=\/§z COS X COS Sxdx

_ \/Z? [cos(s+l)x+cos(s—1)x}dx
T 0 2

_ 1 [sin(s+1)x , sin(s =\

C V2r| s+l s-1 |,

1 [sin(s+1a , sin(s ~Da |

- N2n | s+1 s-1

Problem 3: Find the Fourier cosine transform of f(x) defined as

, provided s# 1,s# — 1.

X for O0<x<1
f(x)=42-x for 1l<x<2
0 for x>2

Solution: By definition of Fourier Cosine Transform

Flf(X)]= %; £ (x) cos sx dx



|
SHELN

2
} X Cossx dx+ [ (2—Xx)cos sx dx}
0 1

Sin SX  COSSX sin sx COS SX
X - (2 - ) 2
S S 0 S 1

2[(sins coss—cos0 sin s cosZs—coss
2555 J(w =l
Vs S S

S
2| cos2s—2coss+1

FC(S)=1/—{ - +}
T S

Problem 4: Find the Fourier sine transform of l.
X

SHLS

Solution:

F(f(x) =\/%I f (x)sin sx dx

Fs(lj:\/?f 1sin sx dx
X To X

Letsx =0 , sdx = do; X 0 o

(j\/ij—lne— O6=sx| O 0
\FT ﬁde[ —9d9=£}
o 6 2

Problem6: Using Parseval’s Identity calculate

@ ] —  dx 0 X«
o (@%+x%)° o (xX*+a?)?

Solution: (a) By Parseval’s identity.

PP dx=] [F(s)F ds



dx oz
o (@®+x%)? 4a’

—8

ie.

[Replace, s by x]

(b) By Parseval’s identity.

“j | £ () dxzf |F.(f (X)) 7 ds

o ax 2 © S 2
[ (e )de:;£ [az 2) ds

0 +S

. @ s? e " 7 1
e —5——55ds==— =—X—

o (@ +5s%) 2|-2a), 2 2a
i X—zdx—i [Replace, s by x]
o (@%+x%)? 4a ’

1 “ x?
(X2 +1)(x* + 4) dx (b) ({ (x* +a%)(x* +b?%)

dx, using Fourier

Problem 7. Evaluate (a)of
0

cosine and sine transform.

Solution: (a) Let f(x) = e*and g(x) = e*

F.(e™)= \/%I e~ cos sx dx

2| e .
=.|—| = (~Ccos X +ssin sx)
| s"+1

0

0

_ 2t } (1)

| s?+1



(b)

Let

F(e)= \/zof e % cos sx dx
T o

2( 2
:\/;[5%4) Q)

ZJ? f(X)g(X)dXZZIj F.(f(9)F.(g(x))ds

2= 1 2
e e dx == | ——. ds (from (1) & (2
7r£[32+1 52+4) ( M) &(2)

o8

evax=27 B g
7o (s“+1(s°+4)

P ds _xfe” w_z(lj
(s*+1)(s*+4) 4| -3 4\3

T dx T
o (X +D(X*+4) 12

o—38

8

o

[Replace s to x]

o0 X2
To find dx.
<I> (x* +a%)(x* +b?)

f)=e ™ g()=e"

F.(f (X)) =\ET e~ sin s dx=\/z(sz j_azj (D
T o w

F,(909) = \ET e™*sin sx dx = \E(L) e
To T\ S“+b

[ £09g()dx=] F,[f(0].F,[g(x)]ds From (1) and (2)
Te*‘xe*bxdx=£? . 282 ——ds
0 7o (s+a’)(s”+b%)

s’ T
ds==] e @*dx
(s* +a%)(s* +b?%) 2 g

— 8

o



®© XZ d T e—(a+b)x ju
Ieg (x? +a?)(x? +b?) 2| ~(@+b) |, 2(@+b) [Replace sto x]

_Xz
X -x°
Problem 7. Find the Fourier Cosine Transform of € * and hence Show that Xe 2 is self-
reciprocal with respect to Fourier sine transform.

Solution

The Fourier Cosine Transform of f(x) is

Fc[f(x)]:\/zjf(X)COSSXdX
7[0
=\/Z1_2r°e_x2 Cos sxdx

T 2 Y0

2 .
5% o —x2+isx

1 = Te
=———R.Pof e * dex

N2rx J
e 4
o 5. 8
=—,—; R.Pof e 4 je X+ISX+4dx
7 -0

X=oo, y:oo
=LR.P of es:weyzdy
N2 J
-1 rpor es“zzTeyzdy
27 ’
1 s Jz . /x
=——=R.Pof € 42— .. efx dX:—
ver ( I 2 )



F. =
V2
ResuIt:F{Xe 2 }_——SF{e 2 }
But F{e 2 }:e2
F{xez}z—i eZJ
ds
2
=se 2

Xe 2 is self reciprocal with respect to sine transform

Finite Fourier Transforms
If f(x) is a function defined in the interval (0,I)then the finite Fourier sine

transform of f(x) in 0 <x<I is defined as

|
FLFOOI=] f(x).sin 2% dx where ‘n’ is an integer.
0

The inverse finite Fourier sine transform of Fs[f(x)] f(x) and given by
|3 S [ (x)]sin ”T”X

n=1

f(x) =

The finite Fourier cosine transform of f(x) in 0 <x < | is defined as
FLF(0]=] f(x)cos”l—”xdx
0

where ‘n’is an integer.
The inverse finite Fourier cosine transform of F¢[f(x)] is f(x) and is given by

£ (%) =|1FC(0) +|3§1 FLF(X)] cosnTﬂx



Example 1. Find the finite Fourier sine and cosine transform of f(x) = x? in 0 <x< 1.
Solution:

The finite Fourier sine transform is
|

FLFOl=] f(x).sin ”T”de
0

Here f(x)=x°

! . N7aX
Fs[x?] =] x®sin ——dx
0 |
|
7X . n Nn7zX
—C0S—— —sin —— CoS ——
= | x? I 2x — ZI +] 2— !
nz n“z n°z
2 3
| I I 0
-I® 21° 2I° I
= — oSNz +——Ccosnz ——— , €os nn=(-1)", sin nn=0
nrz n"z n"z

Ty s 2y g
nz nz

The finite Fourier cosine transform is
|

FIfO] = | f(X) cosnTﬂxdx
0

Here f(x) =x?

|
Fe[x?] =] x° cosnT”de
0

n N 7zx
sin —— —cosT —sin e
2
=|X —2X +2
V4 n’z? n®z®

0

3

= ——cosnrx, cos nt=(-1)", sin nt=0
n“z

21° n
" Y



Example 2:Find the finite Fourier sine and cosine transform of f(x) = x in (0, x)
Solution:

The finite Fourier sine transform of f(x) in (0, z) is
FIF(0]=] f(x).sin nx dx
0
Here f(x) =xin(0, )

Fs[x] = ]Z Xsin nx dx
0

—COS NX —sinnx [
n n’ |

-Zosnz = ()2
n n

The finite Fourier cosine transform of f(x) in (0, x) is

Fc[f(X)] = ]T f (x).cos nx dx

~.Felx] = ]T (x) cosnx dx

A

= n—lz[cos nz—1]

= Ly -g
n

Example 3: Find the finite Fourier sine and cosine transforms of f(x) = e in (0,1)

Solution:
We know that F,[f ()] =] f(x)sin %dx
0

Here f(x) =e*



- Fs[e¥] = } e™ sin I—dx

_ e . Nax Nz Nn7zx
= >—| asin ———.C0S——
V4 | |

nz
| ar
= ea2 ~| ——cosnx l__
, N°rm | , N°rm
a“+-—3 a“+—3
I I
- I [( 1)n+1 al +1]
a
! nzx
Fc [6*] = f(x) cosl—dx
0
! nzx
= | e®cos——dx
0 I
|
_ e 7X nzax
= ~—-| @cos +Zsin
, N°zm N
a“+—
I 0
= eal ’ (acosnr)— al’
a’l”> +n’z? a’l”> +n°z°
al®
= ————".(-)"-1]
al>+n°z

Example 4: Find the finite Fourier cosine transform of f(x) = sin ax in (0, 7).

Solution:
F.[sin ax] :I sin ax.cos nx dx
0

= %]i [sin( @+ n)x +sin( a —n)x]dx



Fc(sin ax)

Fc(sin ax)

E[— cos(a+n)x cos(a— n)x}”

2 a+n a-n |,
—1[ cos(a+n)z . cosa-n)z 1 1
2 a-+n a—-n a+n a-n

|

__]__(_l)a-m . (_l)a—n ~ 1 ~ 1 :|

a+n a—n a+n a-—n

if both n and a are even

0, if bothn and a are even
1[L+ 2 } if nor ais odd

2la+n a-n_

0, if bothnand ais odd

azznnz , if norais odd



