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Elasticity

Elasticity is the property by virtue of which material bodies regain their original shape and size after
the external deforming forces are removed. When an external force act on a body, there is change in its
length, shape and volume. The body is saying to be strained.

When this external force is removed, the body regains its original shape and size. Such bodies are
called elastic bodies. Steel, glass ivory, quartz etc. are elastic bodies. The bodies which do not regain their
original shape and size are called plastic bodies. The opposite of elasticity is plasticity. No substance is
perfectly elastic or perfectly (completely) plastic. Steel is more elastic than rubber. Liquid and gases are
highly elastic.

Stress: It is defined as the restoring force per unit area set up in the body, when deformed by the external
force. Thus

_ Restoring force _ External force applied = F
Area Area A

A stress can be classified into two categories.
Normal Stress: Stress is said to be normal stress if the restoring force acts at right angles to the surface as
shown in fig.1(a).
Tangential stress: Stress is said to be tangential if it acts in a direction parallel to the surface as shown in

Stress

fig.1(b).
Stress in any other direction can be resolved into two rectangular components as shown in fig.1(c).
Fsing F cos @
Stressy = and  Stress; = £ sini®
F
} A
/AL
(o) (&) @

Strain: Relative change in configuration due to the application of a deforming force is called strain i.e. the
ratio of change in dimension of the body to its original dimension is called strain. It has no units.
There are three types of strain-
(a) Longitudinal strain: It is defined as the ratio between change in length 4l to the original length L i.e.

Longitudinal strain:%
(b) Volumetric strain: It is defined as the ratio between change in volume ¢ to the original volume V i.e.

Volumetric strain= %

(c) Shear strain: it is defined as the angle¢ through which a line originally perpendicular to the fixed

face gets turn on applying tangential deforming force.

Shear strain=0=tand = E
AD

Hooke’s Law: It states that, within elastic limits, stress is proportional to strain i.e.
Stress oc strain

= St@S =Constant.
Strain
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This constant of proportionality is called modulus of elasticity or coefficient of elasticity of the material. Its
value depends upon the nature of the material of the body and the manner in which the body is deformed.
There are three modulus of elasticity namely Young’s modulus (Y), Bulk modulus (K) and Modulus of
rigidity (7). Since, strain has no units, co-efficient of elasticity possesses units of stress i.e. dyne cm™ in
CGS system and Nm™ in MKS.

Young’s Modulus (Y): Young’s modulus of elasticity is defined as the ratio between normal stress and the
longitudinal strain.

Normal Stress % _F

= - - - - a -
Longitudinal Strain % Adl

Bulk Modulus of elasticity (K): Bulk modulus of elasticity is defined as the ratio between normal stress and
the volume strain.

_ Normal Stress F//_\ __Fv
 Volume Strain  _&/ A
u i X/ &N

If the force F act on the body perpendicular to its surface from all directions then F/Acan be written as

pressure P.

Negative sign indicates that an increase in pressure (Positive) results in a decrease in volume ( &v negative).
The reciprocal of the bulk modulus of a substance is termed as compressibility.

Modulus of rigidity (»): Modulus of rigidity is defined as the ratio between tangential stress to the shear
strain.

All the above definitions of co-efficient of elasticity hold good for small strain so that Hooks law is
applicable.

\/./10. Elastic Constants and Relations between them

- Young’s modulvs of elasticity (Y), bulk modulus iGi

_ dule : of elastigi
(K), modulus of rigidity (n) and Poisson’s ratio (c) of a mattégil;{
are called the elastic constants of the material. Their values depend

only upon the nature of material and not i

upoan its- ize
etc. 'lPhey are connected to each other by I; mllt;ﬂ:l;apef and size
which can be determined as follows : °r of relations

(i) Relation between Y, K and ¢

Consider a cube ABCD ; -
Let a force ‘AT’ be applied nffnill{ having each side - (Fig. 4.9)
faces. Thus, each pair of fac .
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Compression strain along CD due to tensile strain along CG

Fig.4.9. Relation betwe:n Y, k and o.

Therefore, net tensile strain along CD
=aT—2pT
=(a—2p)T

Change in length of CD
=l(a—2B) T

*. Final length of CD
=[+l(x—28)T
—=I[14(@—2p) T]
Final volume of the cube,
V=_2[14+(«x-28) TP
1 theorem, since («—28) is very small
V=103[1+3(x—28) T]
V=Vo [14+3(«—28) T]
V—-V,=3V, e—28) T

Applying Binomia
or
or

' T
it Bulk modulu_s, K= V_—_V—

Y.

T
or K=3V,a—28) T
Vo

sl L}

or K=

But —=Y* and —=¢

Y (2)

K=31=%5)

which is the required relatior.
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(i) Reiation between Y, » and o

Consider a section ABCD of a cube having its lower face
fixed. Let a force ‘F* be applied along DC (Fig. 4.10). As dis-
cussed in the previous section, shearing stress along DC is.
equivalent to a tensile stressalong

AC and a compressive stress / '
along BD. Therefore, it results R E\’ . /9
In an increase in AC and a N “f
decrease in BD. F 1/
Let us; first of all, consi- ”
~ der the increase in length along /-
AC. This increase is due to two of
factors : f
(i) Increase in length of
2((:3 due to tensile stress along A B
=AC. ;
aT F?B- 4.10. Relation betw(en Y nand o
(i) Increase in length of AC due to compres .
DB =AC.BT SIVE stress aleng
Net increase in length of AC
- =AC.aT+AC.BT
=AC(a+8) T
=Ilv2(«+8) T

. Final length of AC,
AC=Iv24+1v2(a+B) T
=Iv 2[4 (a+p) T}

Considering diagonal BD, decrease in length of BD is also due
to two factors i.e. due to a tensile stress along AC and due te
compressiye stress along BD

. Final length of BD,

BD'=/v/2 [l —(«+B) T]
Z0O'AB=}1/D’'AB

-+(3-)
~(5-3)

where ‘0’ is the shear strain produced as a result of the application
of shear stress.

T8\ _ .

A tan(Z —7 )—tan(LO'AB)
-0'B_BD’
TOA AC

Substituting for BD’ and AC”

8 )=w2u—(a+m T)
tea (‘4‘ 2 )T iva[l+(@—28) T]

tan —;E —tﬁn 9

7 _1—(a+B)T
or T
1+4tan —Li tan -—;— H-(H_ﬁ)-
- 9 ~ -
I-tan5 | _(uip)T
or -
1+tan-%- 1+(+R)T
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Comparing the terms on tWO pldex
5 tan %-’=(“+ BT
1f the shear strain is small,
o O
tan ?='2“
6
(a+P)T=5
8 2(=+B)
sin % —y  (Modulus of rigidity)
_ 1
" 2utB) 1
_ 1 B -
or n=. B\ B
Za( 1+ u—) 2 ( l+;—)
¥
= —— ...(3
or "= 30 Fo) (3)
which is the required relation.
(iii) Relation between K, ‘n and ¢
From equation (2)  Y=3K (1—20) (4
From equation (3) Y=29(140) ' )
From equations (4) and (5)
3K(1—26)=21(140¢)
JK-6Ko=2y +2n0
o(6K+29)=3K—2q
or o=3~1(_—2_n
- 6K+2y 8
which is the required relation,
‘(¢v) Relation batweea Y, K and )
From equitioa (2) '
T 3L
- K ok &3
From equation (3)
24-20— Y
n «(8)
Adding, Y Y
3K ' q
Multiplying throughout by _3'?[""
9 1,3
Y “'f‘““;]- «..(9)

which is the required relation.
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614 isting of a Cylinder

Consider a cylindrical rod of length / and radius r
end is clamped and the rod is twisted by applying a ou s
lower end in a plane perpendicular to its length. P
be under torsion. A reaction is set up due t
elastity and a restoring couple e

couple is produced (Fig. 6°8).
shifted through the

Its upper

to its

The rod is said to
© 1Its property of
qual and opposite to the twigting

Same

All the par.ticles in the'lower end are
¢ but the linear displacement of a particle near _the rim is more

Hence shearing angle ¢ is
near the axis of the cylinder.

angle
{han tne parucle near the centre,

for the particles near the rim than

morce

Consider a cylinderical shell of radius x and radial thickness

dx [Fig. 6'8 (if)].
BB = x0 =l

X0
()

or
m and zero at the axis. .

wvelif)

¢ is maximum at the ri
Shearing stress

_ Tangential Stress % T
Shear Strain o 0

Area of cross section of the shell = 2mxdx

Shearing force on the shell = T'Xarca
b e (1770) 2mxdx

Monient of this force about the axis OC,

= [(Z—WT”—(L) x2%dx ] X
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= 2?7?—9— )x“dx

Total twisting couple for the whole cylinder

,
mr\9
. - KzﬂT’?i) 3dx = ’.’21’-) (i)

0
Let the couple per unit twist be C
T =0
Comparing (i) and (ii)
C = ( 5] ) ... {iii)

Couple per unit twist C is also called the torsional rigidity of
the material of the wire.

Hollow cylinder, Consider a hollow ylinder of inner radius
r, and outer radius r,.
ry .
+ [ 2mme ™M,
"= P = 2 )(’14“““)
ry ;

v W
=y (ntrd - (i)

Special Case. If two cylinders of the sa |

, me ~
mass and of the same material are made such thlzf g(t)h andlgame
is solid of radius r and the other cylinder is hollow of ne cylinder
and outer radius r, then, nner radius r,

Tr? == T(r 2 —r,?)
In the case of a solid cylinder,
Cc =T T0l—ry2)e
2/ 21 (@)
For a hollow cylinder

c = TUnt—rY) w2
o= )

Dividing (ii) by (i)

< _ P
C rlﬁ._rzz PR
.. (iif)
C>cC (

Hence, a larger twisting couple will
- .’ WIl i i
a hollow cylinder as compared t% a iolit(.ie I:;]l‘inged of pr.ase of
mateal, rimass and length. acer of the same

Due to this reason hollow
' s
stronger than solid shafts, Driving sllllzﬁ'iss &ilrl;e :
from hollow tubes and not from soliq rods "

omparatively much
tomobiles are made



