REDUCTION FORMULAE

Reduction formulae for  sin"x and cos™x :
Let In = [ sin™xdx = [ sin™ xsin x dx
Integrating by parts by taking sin™ *x as first function and sin x as second function.
In = sin™*x(-cosx) — [(n — 1) sin™ 2x.cosx (- cosx) dx
= -sin® 1 xcosx + (n-1) [ sin™ 2xcos? x dx
=-sin"txcosx + (n-1) [sin® 2x (1 — sin? x) dx

=-sin"txcosx + (n-1)[sin"2xdx-(n—1) [ sin™x dx

In =-sin"txcosx + (n-1)1,_,- (n- 1)1,
= In(l + (n— 1)) = —sin®Ix cosx+ (n—1)1,_,
S, = —Sinn—:lx cosx (n-1) I,
is the required reduction formula for [ sin™x dx
n-1

oS

.. Si -1
Similary [ cos™x dx = =—""% + (nn ),

Derivation of formula for f:/z Sin"xd x

[sin"xdx = —% (sin"‘lxcosx) + (nT_l) I,_, (By reduction formula for [ sin"x dx)

/2 -
fon/z Sin"xdx = —% [sin"‘lx cos x] i (nTl) fon/z Sin"xdx

0
=0+ (nT_l) fOH/ZSin"‘Zx d x

ol = (nT'l) I,—» (wherel, = fO”/Z Sin™x d x)
Changing n to n-2, n—4, n—-6,.....in successive steps, we get
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n-1 n-3

2, 531 w . .
[Psinmxdx="= = ...2>-.Z ifniseven
n-2 642" 2
Case (ii) If n is an odd positive integer, then
_n-1 n-3 n-5 4 2 -~m/2
W= T3 Jy “sinx dx
n-1 n-3 n-5 4 2 /2
= — —.— .....=. = [-cosx]
n n-2 n- 53 0
2, n-1 n-3 n-5 4 2 . .
fon/ sin"xdx= —. —. — ......=.=.1 ,ifnisodd
n n-2 n-4 53
. 2
Example 1 Find I, = fon/ cos™x d x

Solution: I, = fon/z cos"(%—x) dx (- foaf (x)dx = foaf (a-x)dx, if
f is continuous function on [0,a])

n-1 n-3 n

- -5 4 2 . .
— — —.....—.=.lif nisodd
/2 . n n n-2 n-4 5 3
= [ sin"xdx =
0 n-1 n-3 53 1m , ,
— — ... = =, if nis even
n-2 8'4"2 2

Example 2 Evaluate fon/z sin*x d x

Solution: fon/zsin”‘xdx = %% (~ n =4 is even) :i_’;

Example 3 Evaluate |~ (1:1;2)4

Solution: Putx =tanf = dx =sec?8 do
Whenx - 0,0 - 0 and whenx - o0, 8 — %

=~ Given integral becomes
fn/Z sec?6d 0 _ fn/Z sec?6 _ fn/Z Sec?6 46
0 (1+tan26)* 0 (sec2H)* 0 Sec8d

= [PL_ = [ (056 9do

0 Secéd 0

_(6-1)(6-3)(6-5) ® _ 157
B 2 32

6(6-2)(6-4) 2
Example 4 Obtain the reduction formula for [ sin™ x cos™ x dx
Solution: Let Imn = [ sin™ x cos™ x dx
= [ sin™ x cos™ ! xcos x dx
= [ cos™? x (sin™x cos x) dx
sin™¥1x sin

m+1

n—1

cos — f(n = 1) cos™ ?x (- sin x).

m+1

X

m+1

dx
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sin

(Integrating by parts) ( [ Sin™ xcos xdx = le)

m+1
sin™M¥1x cos™1x n-1 _ ,
= +—— [ cos™?% x sin™*2 x dx
m+1 m+1
sin™M¥1ly cos™1x n-1 _ , .
= + [ cos™? x sin™ x sin? x dx
m+1 m+1
sin™M¥1x cos™1x n-1 _ ,
= +—— [ cos™?% x sin™ x(1 — cos? x) dx
m+1 m+1
sin™M¥1x cos™1x n-1 _ , n-1 :
= + [ cos™ szmmxdx—ufcos"xsmmxdx
m+1 m+1 m+1
_ sin™*1x cos™1x n-1 (n-1)
|m,n— +— |m,n-2 - |m,n
m+1 m+1 m+1
n-1 Sin™tly cos™ 1y n-1
(1 + ) Inn = + Iyn—2
m+1 ¢ m+1 m+n ’

= Ipn (m+ n) =sin™?xcos" 'x + (n- Iy,

m+1 n-1

X n-1

Sin X coS , -
== + — [sin™ x cos™? x dx
’ m+n m+n
. Sin™*1x cos™ 1x n-1 , _
= [sin™ x cos™ x dx = + [ sin™ x cos™? x dx
m+n m+n

Example 5 If Uy = fon/z x™ sinx dx and n > 1 prove that
T n-1
U,+n(n—1)U,_,=n (E)
Solution: U, = fO"/Z x™ sinx dx

=x" [ sinx dx- fzn/z {% (x™) [[ sinx dx]} dx

[x™ (- cos x)]n/zo -~ fon/z nx" 1 (-cosx) dx

_ [G)n cos% - 0] + fon/z nx™ 1! cosxdx

=n {[x"‘lsinx]on/z— fon/z(n— 1) x™ %sinx d x}

x™ 1 cosxdx

:n[xn—l sin x] n/z— n (n— 1) foﬂ'/Z xn—z sin x dx
0
=>U,=n [(%)n_l sin% - 0] —n(n—-1)U,_,

mn—1
>U,+n(n—-1)U,_,=n (E)
Example 6 Evaluate fon/z x* sin x dx

Solution: Uy = [/? x*sinx dx
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- n-1
Now U, + n(n — 1)U, _, —2 =n (5) ......... (1)
Putting n =4 in (1), we get
4—-1
Uy +4(4 = DU,_, = 4(3)

3

= U, + 12U, = “7

......... 2
Puttingn =2 in (1) , we get
2-1

U, +2Q2 = 1DU, , =2 G)

U, +20g=¢ 3)
Now U, = fon/z x%sinx dx = fon/z sinx dx

= [—cosx] HE cos = + cos0 = 1
0 2

Hence equation (3) becomes

= [ xtsinxdx =% - 127 + 24
0 2

Example 7 If I,,, ,, = fon/ % sin™cos™x dx then prove that

_ m-1 m -3 m-5 2

L, .= . T i
MmN m+n m+n-2 ‘m+ n-4

where m is an odd positive integer and n is a positive integer, even or odd.
Solution: [ sin™x cos™x d x = [ sin™ 'x (sinx cos™) d x
_ —cos™1 xsin™1x

m-1 -
= + [ cos™? x sin™ %x cos x dx
n+1 n+1

(Integrating using by parts)

_ —cos™ xsin™lx m-1

= + J cos™2 x cos™x (1-sin?x)dx
n+1 n+1

m-1 . cos™lxsin™ 1y m-1 .
= (1 + —) [ sin™ x cos™x dx = — + [ sin™ 2 x cos™x dx

n+1 n+1 n+1

. cos™lxy Sinm 1y m-1 .
= [sin™ x cos™x dx =- + [ sin™2 x cos™x dx
n+1 n+1

2 .
Now I, ,= fon/ sin™x cos™x dx
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/2

—cos™ 1y sin™m 1y m-1 /2 .
= + 2L (P2 ginme2y cos™x dx
m+n 0 m+n -0
/2 . m-1 /2 . _
= [ /2 sin™x cos™x dx = —— ) /2 sin™2x cos™x dx
0 m+n -0
m-1
Hence, Im,n— it im—2n
Replacingmbym-2, m-4, ....... ,3, 2, we obtain
_ m-3
Im—Z,n - m+n-2 m—4n
_ m-5
Im—4,n - m+n—4 m-—6n
2
I3, =—
3n 3+n 1,n
1
2,n 24n on

From these relations, we obtain

m-1 m-3 m-5 2 . .
...... — I, if misodd
m+n m+n-2 m+n-4 3+n ’
Ipn =
’ m-1 m-3 m-5 1 . .
...... — Iy, if mis even
m+n m+n-2 m+n-4 2+n ¢

Now, we have

/2 cos™+ix] /2 1
I1n:f/ sinx cos™x dx :—[ ] =—
’ 0 n+1 lg n+1
n-1 n-3 2 . .
/2 g 5.1,lfnlSOdd
And I, = fo cos"xdx=4," " 17
—_—— . -.— if nis even
n n-— 2 2
e m—-1 m-3 2 1
m+n m+n-2"" " "3+n 1+n
if misodd and n may be even or odd
m-1 m-3 1 n-1 n-3 2
I = men Tman-2 24m n n-2"""""3
If misevenandnis odd
m1_m3 1 om1on3 1w
e T T a2 2
\ if miseven&nis even

These formulae can be expressed as a single formula
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T/2 . m n _ (m-1)(m-3).c (n-1)(n-3) e
fO sin™ x cos"x dx = (m+n) (m+n-2)(m+n-4)............
to be multiplied by g when m & n both are even integers.

Example 8 Find fon/z sin® x cos®x dx

Solution: Herem=6andn =5
(6-1) (6-3) (6-5) (5-1) (5-3) _

fn/z sin® x cos®x dx = —
0 (6+5) (6+5-2) (6+5-4) (6+5-6)(6+5-8) (6+5-10) 693

Example 9 Evaluate fonx sin’x cos* x dx

Solution: Let | = fonx sin’x cos* x dx
= fon(n— x) sin” (m-x) cos* (m-x) dx  (~ foaf(x)dx = foaf(a— x)dx)

s .
= J, (m-x)sin’x cos* x dx
mw ., s .
m [, sin” x cos*dx - [ x sin’x cos* x dx

T .,
=2l=m [ sin” x cos*dx

P 7 .. [2a _ 2% f ()dx, if f(2a-x)=f (%)
=2[,""sin” x cos*xdx ~ [ f (x)dx = {0," U f (20 5= () }
sl=n fon/z sin” x cos*dx
_ 7 (7-1) (7-3) (7-5) (4-1)(4-3) _1l6m
T(7+4)(7+4-2)(7+ 4-4)(7+4-6)(7 + 4-8) 385
/2
m—-1)(m-3).....n—-1)(n—-3) ...

. Cm Ry =
using ] St X cosTax m+n)(m+n-2)(m+n-4).........
0

Example 10 Evaluate f04x3 Vax — x? dx
Solution: Let 1= f04x3\/m dx :f04x3 Jx (4 —x) dx
= ['x3Vx (4 —x) dx
= f04x7/2 (4-x)Y? dx
Putting X = 4 sin?6 = dx = 8sinOcos 6 d O

Hence | = fon/z 4712 sin” O(4 - 4 sin? 8)Y/2 8sin 6 cos 6 d O

= fon/z 4712 4112 8sin” @ (1- sin? 0)Y/? sinf cosHd 6

=8. 44 fon/z sin® x cos?dx
(8—-1) (8-3) (8-5) (8-7) n _ 8.4%7523 To_
2 1086422 28m

= 8.4%
(8+2) (842—2)(8+2—4)(8+2—6)(8+2—8)
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x6-x3
Example 11 Evaluate [ dx

0 (1 3)5x
R - (x -x3) x2
Solution: Letl= [~ e X dx
Put x3 =tan?9 = 3x2dx=2tan 8 sec26d 6

Then |

n/2 (tan*6-tan?s) 2 2
fo T lttan?e) 3 —1an 0 sec“6do

2 fn/z tan®0
0 (sec2H)5
/2 tan>6 /2 tan3 9
f / d 2 f /

sec80 c89

/2 3 /2 5
Efo sin® @ cos 9d9-—f0 sin3 6 cos®0d 6

_ 2 m/2 3 /2 3 (@ 5 (m
= gfo sin® 6 cos30d 0 — 3f0 sin (5—9) cos (E_Q)de
=§ JZsin® 6 cos*6d 6 —gfg cos® 0 sin® 6d

[« [T f @dx=[f(a-x)dx]

3
Sec?6 d6 —= fon/Z%secze do

=0
77.'/2 . 5§
Example 12 Evaluate [ " sin®x d x

: . sin™ 1x cosx -1 .
Solution: We know [ sin®xd x = - ——— +— [ sin™? x dx
n n
/4 —sin®>"1xcosx /4 5-1 ,m/4 . e_
'.f/smsxde[—] + 32 (iS5 2 x d x
0 5 0 5 0

. /4 4 ~T/4
?[sm“xcosx]0 / +Ef0/ sindxdx

= _?1 (\/%)4 (\/ii)] + g fon/4sin3 xdx ... (1)

/4 . sin®~xcosx] 4 | 3.1 (m/a . 4
Nowfo/ sm3xdx=[—T + = 0/ sin3%xd x
Jo

= —é [sin®x cosx]0”/4+ Ean
o110\ 1] H/4
= _5[(\/_5) \/_5 + - (—COSX)
- -1 2z (A_
T 32vZ 4 (\/i 1)

Putting this value is (1) ,we get

Phamixdxm-t [ 2 +2 [Bmt (o)

A 4 1

sindxdx

1 L_l]
542 5 6vV2 242 2
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Example 13 Evaluate f01
Solution: Put x= Sin @

x5

2V1—x2

dx

= dx = cosf d @

Then the given integral becomes

1 /2
Efo

Solution:f_”ﬁ2 cos® 0 (1 —sinB)?do =

1. Evaluate
2. Evaluate
3. Evaluate
4. Evaluate
5. Evaluate
6. Evaluate
7. Evaluate

8. Evaluate

V1-sin20

sin56

cosfdo ==

/2

270

sin® 6 dé
_ 1 G- -3 _

4

2 5(5-2) (5-4) 15
Example 14 Evaluate ™/ ,c0s% 8 (1 + s5in6)?do

/2
—m/2

cos® 0 (1 + sin?6 + 2sin0)do

= fZ/ZZ cos3 0 do + f_nﬁz cos3 0sin?0 + 2 fZ/Zz cos®0sin6 do

=2 fon/z cos36do +2 fon/z cos® sin*6 +0

_ 2(3-1) + (2-1) (3-1)

T 3(3-2) (3+2) (3+2-2) (3+2-4)
4 4 8

- 4+ — ==
3 15 5

Exercise7A

fozax3 (2ax — x?)3/2 dx

3

co X
fo (1 + x 2)9/2 dx

fon/z(c0529)3/2 cosd db

/2 .
Jy /2 sin*x cos3x dx

foaxz Vax — x? dx

cos?6

fn'/Z
0
fn sin*0v1—cos 0

0  (1+cosH)2

c0s20+4 sin20

dé

dé

f01x3/2(1 —x)3% dx

= =
o} o}
7 7

>
=
7

>
=
7

N N NN NN N
>
=]
%]

91ta7)
T 16

2
=)
3w
o)
-13
=)
sma*
128 )

)

15

31r)
128
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