APPLICATIONS OF LAPLACE
TRANSFORMS

PART I : Applications of Laplace transforms
to ordinary differential equations -
3.1. Solution of ordinary differential equation with constant coefficients.

Suppose we wish to solve the nth order ordinary differential equation with
constant coefficients

d"yldi" + a, (™ yld t"") + a, (d™ yld ™) +. .. . .+ a,y=F(1),..(1)

wherea, a,,..... » @, are constants, subject to the initial conditions
y(0)=k,y (0)= k,, y"(0) = Roooon s V()& SR 54 €2)
where k. k., . . . ., k, _, are constants.

On taking the Laplace transform of both sides of (1) and using (2), we
obtain an algebraic equation (which is known as “subsidiary equation™) for
determination of L {y (£)}.The required solution is then obtained by finding
the inverse Laplace transform of L {y (0)}. Since the formulas of Art 1.15,
Chapter I depend on the initial conditions of the differential equation, these
conditions are automatically obtained in the final solution of the given
dilferential equation when the inverse is found.

Very important note. Students are adviced to commit to memory all
fules of finding Laplace transforms and inverse Laplace transforms discussed
i chapters 1 and 2.

Notations. In what follows, we shall adopt the following notations:
() dyldt=Dy=y'(t)= y(1),d*yldt* = D? y=y“(t)=y@q),...
d"y/ldt" = D" y = y(" () etc.
(i) Atr =0, we have
YO =y 0 =y,y" 0)=y,....y"0) = Y,
In some problems, the dependent variable may be x or z etc in place of

vin (1). Then we make the corresponding changes in the notations which
have just been discussed.

The whole procedure of solution will become clear by reading the
following solved examples.



Exﬂ(S‘olve (D°~1)y=acoshnt, ify = Dy = 0 when t = (.
Sol. Re-writing the given equation and conditions, we have
y" =y =acosh nt, i)

with initial conditions: y(0)=0and y (0)=0. o (2)

or

Taking Laplace transform of both sides of (1), we get
L {y"} =L {y} = L{a cosh nt)
S LAy} =5y =-y (0)-L {y} = asl(s* - n?)

or (s =1 L{y) -50-0=as/s - n?), using (2)
. e __as |(s*=1)-(s*-n?) N
o e e | (ot
4 LY ; :
; (on rewriting for sake of partial fractions)
: as | | a § §
or L ) 3 R e 3 2 9
) n‘—l[s' -B" s';l] n* ‘-l[s“-n' s”—l]
Taking inverse Laplace transform of both sides, we have
y= ’a [L"{ - 2 2}- L"{ )s } B za (cosh nt - cosh t).
n- et s =1 n=1 .
Ex2Solve (D* + 1)y = 6 cos 21, ify=3 Dy=1 whent =0
’ (Meerut 91, 93, Purvanchal 92, 94, 96)
Sol. Re-writing the given equation and conditions, we have
Y+ y=6cos2t, . (1)
with initial conditions: y(0)=3,and y (0) = . w (2)
Taking Laplace transform of both sides of (1 ), we get
L{y"}+L {y}=6L {cos 21)
or  S'L{y}-sy(0)-y (0)+L {y) = 6s/(s* + 2*)
or ($+ 1)L {y}-3s-1=6s/(s*+ 4), using (2)
3s | 6s
L = ——t + ,
Ll e (s +4)
L i) 3s+1+2s{1 -l}
or = R
4 s2+1 s 41 s°+1 2 +4
s I 5
L{y} = 5. - -2- A -.(3)
S+l st+1 52 +22

Taking inverse Laplace transform of both sides of (3), we get
P y=35c¢ost+sint-2cos 2t
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EX\S/@ Using Laplace transform, determine the solution of (d*y/dr’)

+3(dy/dt) + 2y = e, y (0) = y’ (0) = 0. (Lucknow 1998)
Sol. Re-writing the given equation and conditions, we have

Y'+3y 4+ 2y=¢ w. (1)

with the initial conditions: y(0)=0and y (0)=0. wi (3)

Taking Laplace transform of both sides of (1), we have
L{y}+3L (Y} +2L {y} =L {e') |
or sL{y}=sy0) -y (0)+3{sL{y}-y(@©)+2L I=WUs+1)
or (*+3s+2)L {y}=s+ 1), using (2)
L {y) 1 1 1 1 Y 1
or = = - e
% (s°43542) (s+1)  (s+2) (s+1)2 S*2 34l iis+1)?
[on resolving into partial fractions]
[Taking inverse transform of both sides of (3), we get

o feid ol b oga]d -1 1 s e Y gt gt _1__}
e {s+2} % {s+1}+L {(s+l)2} it g §°

[using first shifting theorem in the last term]
Tl [ Y1/ s™ )y =¢7 /]

or y = e —e e

a

{E}KSolve (D’ + D) x =2, whenx(0) = 3, X (0) = 1.
(Meerut 91, Kanpur 94, 96)
Sol. Re-writing the given equation and conditions, we have
X' 4+x =2, w1
with initial conditions: x(0) =3 and x’ (0) = 1. wi (2)
Taking Laplace transform of both sides of (1), we have
L{x*}+L{x}=2L (1)
or SL{x}-sx(0)-x(0)+sL {x} =x (0) =2 - (1/s), using (2)
of (+5)L{x)=35s-1=3=2 orf (2 +s)L {x})=3s+4+2s
. 3% +4s+2 _s242(s2+2s4l) 1 2 2
si(s+1) s2(s+1) s+l ;+s—2-
Taking inverse Laplace transform of both sides of (3), we get
X=e'+2+2

or L{x}= .. (3)

Ex7,80lve (D’ -2D +2)y=0,y=Dy = I, whent = 0.

Ex. 8. Solve (D* + 2D + 1) y = 3t e*, subject to the conditions, y=4,
Dy =2 whent = 0.



Ex.10. Solve (D’ + 2D + 5) y = e*'sint, y (0) = 0, y’ (0) = 1.

(Delhi 97, Manglore 97)

Sol. Re-writing the given equation and conditions, we have
Y'+2y' +5y=¢"sint, (1)
with initial conditions: y(©0)=0andy (0)= 1. w2

Taking Laplace transform of both sides of both sides of (1), we get
L{y"}+2L{y}+5{y}=L {e'sint}
or  sSL{y}-sy©-y ) +2[sL{y}-y©)}+5L {y}=f(s+1),
[using first shifting theorem 3.11 and taking f (s) = L {sin ¢} = 1/(s*+ 1).]
or (+2s+5)L{y}-0-1-2x0)=1/[(s+1)?+ 1], by (2)
1 1
+

o, Al S (s +25+5) (s +25+5) [(s+1)2 +1)

or y

Il

i 1 g 1
(s+D2+4  {(s+D*>+4)} {(s+ D% +1)

=e”' L 2l Fo7id l 2 =e 'L 21 +l( 21 = 21 )}
s°+4 (s°+4) (s°+)) s°+4 3\s°+1 s°+4
=e™ L"{1 3 +Z . }:e-' [l sin t+—2--isin Zt]
A Bttt S B 1T T 3 3 2

'y = (1/3) e (sin  + sin 2¢) is required solution.

Ex.11. Solve (D> + 1)y = sint cos 2t,t > 0, ify = I, Dy =0 when t = 0
Sol. Re-writing the given equation and conditions, we get
Y’ +y=(1/2) (cos t — cos 31), 4D
with initial conditions: y(0)=1andy (0)=0. u:0(2)
Taking Laplace transform of both sides of (1), we get
L {y”"}+L {y} =(1/2) [L {cost} — L {cos 3t}]
or s$L{y}-sy(@©) -y (0)+L (y)=(1/2) {s/(s>+ 1) — s/(s> + 9}
or (s*+ 1L {y}-s5-0=s/2(s+ 1) —5/2(s* + 9), using (2)
) 1 s 1 s

o L RIS P M e BT T
), s +l s _i[ | i 1 ]
T2 2 (2 D% L 165t 1 L5240
1 s | 0
L{y} = 72 i3

= ’7—_ e ] 3
16 s2+1 2 (s*+1)? 16 s2+9 ()



Taking inverse Laplace transform of both sides of (3), we get

16 se+1%) 2 (s°+1) 16 s°+3°

—cost——-—L"1 i( : ) —-l—cos 3t
or Yi= T0 2 2 \as\s2+1)[- 16 (Note)
= (15/16) cost - (1/4) (=1)' t L' {1/(s*+ 1)} = (1/16) cos 3t -

Ex.16. Solve (D>’ -D -6)y=2,t>0ify= 1, Dy = 0 whent = 0.

(Meerut 86)
Sol. Re-writing the given equation and conditions, we get
y' =y -6y=2 we (1)
. with initial conditions: y(0)=1and y (0)=0. . (2)

Taking Laplace transform of both sides of (1), we get
L{y"}-L{y}-6L{y}=2L {1}
or s*L{y}-sy©) -y 0)-[sL{y}=y@]-6L {y}=2/s
or (s=s-6)L{y}-s-0+1=2/s, using (2)

L ~ st ~542 _ §2 =542
o Ll i0 Tl | s(s+ ) (5-3)
y=L"{(s* =5+ 2)s(s + 2) (s - 3)}. w (3)
- .
Let Sostd é+—-E--+ < w (4)

s(s+2)(s-3) p s s$+2 s5-3
Multiply both sides of (4) by s and let s — 0, then

Ablimataetd g o2 ]
T 0 (542) (5-3) (-3 3

Multiply both sides of (4) by (s + 2) and let 5 > - 2, then
L st-s5+2 (-2 +2+2 4
= lim = =-—,
s==2 5($=3) "4 0 G T
Multiply both sides of (4) by (s — 3) and let s — 3, then
. st-s+2 3% -3+2 8
C= lim = 2
=3 5(s+2) 3G 15
st=542 1 4 8

(4? = G+D (-3 35 5G+2) 1SG=I)

l
Then(3) = y= ol e i +£L‘l : +£L" _l._
3 s}] 5 s+2 15 s—3

or y==(1/3) + (4/5) e + (8/15) &*.




Ex.20. Solve (D’ + 6D.& 9) y = sint, where y (0) = 1, y*(0) = 0.
(Meerut 96, Rohilkhand 88, 89)
Sol. Given that ¥+ 6y +9y=sint w (1)
with initial conditions: y(0)=1andy (0)=0. e (2)
Taking Laplace transform of both sides of (1), we get
L{}+6L{y}+9L {y}=L {sin¢}
SL{y}=sy@ -y 0)+6[sL (y}-y@]+9L {y} =14+ 1)
(s*+6s+9) L {y} —5s-6= 145+ 1), using (2)
+3PL{y)l=s+6+ s+ D=(G+3)+3+ 17+ 1)
1 3 1
4 4 ’
(s+3) (s+3)?* (s+3)%st+D)
1 = A & B 3 Cs+D
(s+3)2(s2+1) s+3 (s+3) ¥+l - (4)

Multiply both sides of (4) by (s + 3)* and let s — — 3, then
B= Iimjll(sz +D=1/(9+1)=1/10.
S

g 8 8%

or L{y}= ..(3)

Let

- 1 A I Cs+D
= + ) & .
(s+3%(s2+1)  s+3 10(s+3)*  s?+1
Multiplying both sides of (5) by (s + 3)* (s* + 1), we get
I=AGE+3)E+ D+ 0 + D)+ (Cs + D) (5 + 3)?
o 1l=AG+3)E+D+N0)E+ D+ (Cs+D)(s* +65+9)
or 1=3A+(1/10)+9D +s(A +9C + 6D)
+S2BA+(1/10)+D+6Cl+ 5 (A+0). .. (6)
Equating the coefficients of s% s and constant terms on both sides of
the identity (6), A+ C=0,A+9C +6D =0and 3A + (1/10) + 9D = |.
Solving these, A = 3/50, C = - 3/50, D = 4/50.

¥4 1 _ 3 5 1 4 3s—-4
(s+3)% (s*+1) 50(s+3) 10(s+3)* S50(s°+1)
1 3 3 1 35-4
el Lxle s+3 Y, (s+3)? % 50(s+3) i3 10(s+3)% 50(s*+1)
53 31 3s 2
+ - + .
50(s+3) 10(s+3)® 50(s*+1) 25(s*+1)

ge"‘ +£e'3' {L}-icos t+-22-;sin !

Then, (4) = ..(5)

(5)

or L {y} =
AR 10 524 S50

[Using first shifting theorem]
or  y=(53/50)e™ + (31/10) 1 ¥ -~ (3/50) cos t + (2/25) sin ¢



Solve the following differential equations:
1. D+1)y=0,¢>0,given that y =y, whent=0.
2. D+1)y=1,giventhaty=2 whent=0.

3. D>+ 1)y=0,ify=1,dyldt=0, whent=0.. (Meerut 85)
4. (D2+9)y=18tify(0)=0,ymW2)=0. (Osmania 2004)
5. D*+3D+2)y=0,y=y,and Dy=y, at¢=0.

(Meerut 91, Rohilkhand 94)
(D?+ 6D +25)y=208 ¢¥,¢>0,if y=1,Dy=0 when t = 0.
D3+ 1) y=1,t>0if y=Dy=D?y=0whent=0. \
(D}*+D)y=e¥,y(0)=)y (0)=y"(0)=0.
(D*-D)y=2cost,y=3,Dy=2,D?y=1whent=0.
10. (D2 + 4D + 4) x = sin wt, t > 0 with X, and x, for values of x and Dx
when ¢t = 0.

L e

\}ﬁﬂ/ution of ordinary differential equations with variable coefficients
Suppose the given differential equation contain a term of the form

d"y(ty
dr”
A dm
-D)" —Liy" 0}
{ "Ly o)

1" Y000 e 1 the Laplace transform of which is

Ex “Solve [t D’+(1-2t)D-2]y=0,y(0)=1,y(0) = 2.

Sol. Given oty +y -2ty -2y=0, o F

with initial conditions:  y(0)=landy (0)=2., )

Taking Laplace transform of both sides of (1), we have
L{zy"}+L{y}-2L{#y'} -2L {y}=0

d
o O EL{y" Ly ) -2 L Ly 1=2L{y} =0
‘d.s TN, « todds
d ‘
or = SIS L{ a0~ O]+ L1y} - (0 + 2 (5L (3} - (O
i ) ~2L [} #0

T - - g
or ——I[s°Y-s-2]+sy-1+2—[sy—1]-25 = 0,by (2) .(3)
S , ds



where we write L{y}=7 (s). . (4)

i
From(3) l:s 7—+2sy l]+sy—l+2[s-‘2—y+y] 2y =0

s
or (s*-2s) ——y»=s§ or i_x+i=0.
ds y s-2
Integrating, log y+log (s -2)=logC or y =C/(s-2).
L {y} = C/(s - 2), using (4). 5 &>
Taking inverse transform of both sides of (5), we have
y@=CL!{1/(s-2)} =Cée. ... (6)

Putting 7 = 0 in (6), we get y (0) = C so that C = 1, using (2).
Hence, from (6), y = ¥, which is the required solution

Ex.2. Solvety”’ +y +4ty=0,ify(0)= 3,y (0) = 0.
Sol. Given ty"+y+4ry=0 ()
with initial conditions: y (0) = 3 and y" (0) = 0. .. (2)
Taking Laplace transform of both sides of (1), we get
L{n”}+L {)'}+4L{ry}=0

d v d
-1 —L{y”"}+L{y }+4(<1)'—L =0
or -1 — {(y"}+L{y }+4(zD o {»}
dr » " d
or: — —[s" L{y}—sy(0)—y (0)]+sL{)’)—)’(0)~'4—L{)’} =0
ds i ds
d_ - d :
or ——[s"L{y}—3s]+sL{y}—-3—-4—L{y}=0,using (2) «(3)
ds ds
Let L{y}=3¥ (s). .. (4)
dy
Then (3) = — —(s y—3s5)+sy—3— 4I=0
or —[32‘;—:4—23)’ 3]+sy—3 4%:0
( dy 4 s5= - SRR WPV
or (2+4) 7 +sy=0 or 5 > 22 +d :

Integrating, log ¥y + (1/2) log (s* + 4) =log ¢ or y =c/ ,/sz + 4.

L {y}= c:'/."(_,—2 +4) , using (4). .. (5)
1
BG)= YO =L e = o L —— =LY (3 - ®
{J(s? +4)} ,/(s2 +2%) )

[-- from Ex 1 (i), page 51,L {J, (@} = 1/y/(s* +a”) ]
Putting 7 = 0 in (6), we get
y(0)=CJ, (0) or 3 =C, using (2) and noting that J, (0) = 1.
Hence from (6), y = 3 J, (21), which is the required solution -



- I AL A

V6(3. Solution of simultaneous ordinary differential equations

Simultaneous ordinary differential equations involve more than one
dependent variable and Laplace transform is needed for each variable. The
procedure is to solve the simultaneous algebraic equations which appear on
taking Laplace transformation and finally invert to recover each dependent

variable. We now explain this method in what follows.
/

BX.1. Sobve dult = 2x- 3, dylds =y~ 20, if x(0) = 8andy (0) = 3
Or Solve(D—2)x+3y=0,2x+(D-l)y=0ifx(0)=8and vilh=3

TA\Tmy mrewvya

Sol. Given X (t)-2x+3y=0
nd 2+y ()-y=0
sith initial conditions:  x (0)=8and y (0) =3

LetL {x (0} = x(s)and L {y ()} = Yy (s). Taking the Laplace transform
ol both sides of (1A) and (2A), we get

LX)} -2L{x0}+3L{y@®}=0 (1B)
and 2L{x@O}+L{y (0} -L {y@®}=0 ..(2B)
ol sx -x(0)-2X +3y =0 .. (1C)
and 2X +5sy-y(0)-y =0. wil2)

Using (3), (1C) and (2C) reduce to
-2)x+3y -8=0 .. (1D)
and 2X +(s-1) y -3=0. ..(2D)
Solving (1D) and (2D) for ¥ and y by cross-multiplication, we get
X% i y x |
-9+8(s—1) -16+3(s-2) (s-D(s-2)-6
B S N 1
or = i :
Sl 3522 T $t=Bet 4
8s—-1 3 5
o X = = ¥ . 0§ 2
fronee ST =M (s+) s—-4 s+l BE,
35-22 5 2
¢ Py = = . w (2E
BHiC Y= (s-4)(s+D) s+1 s-4 (2E)

[on resolving into partial fractions]
Taking the inverse Laplace transform of (1E) and (2E), we get

af 1], e {L@_}= Y 457
x= 3L {s—4I+5L ST 1 3e™ +5Se



=

HX.5. Solve (D ~ 1) x + SDy = 1, - 2Dx + (D* ~4) y = - 2,
ify=x=0= Dx=Dywhent=0. (Meerut 86, Rohilkhand 90)

Ex.7. Solve Dx + Dy =1, D> x —y = .

fx(0) =3 x"(0) =-2, y(0) = 0. (Meerut 87, 94)
Sol. Given X (D+y (=1 .. (1A)
and X7 (@) —y @ =e". .- (2A)
with initial conditions: x(0)=3,x" (0)=—2, y (0) = 0. =:03)

LetL {x()} =X andL {y ()} = ¥, Taking Laplace the transform of
both sides of (1A) and (2A), we get

L{x@®}+L {y (@} =L {z} - (1B)
and Li{x"(®}—-L {y@} =L {e} .-- (2B)
or sX —xO)+s5sy —y(0) = 1/s? =5 C1E)
and 52X —sx(0) — X (0) — ¥ = 1/ (s + 1). % 20

Using (3), (1C) and (2C) reduce to
sX+s5y=3+(1/s5%) =3s2+1)/s2 2 C11D)
and SPX—V=35s—2+1/(s+1)=@s2+s5—D/(s+1) ... (2D)
Solving (1D) and (2D) for ¥ and y . we get
= 352 +1 352 +5—1 ) 352 4+ 1 352 +5—1
X 1= pa 5. PP g s = 3
sT(s+1) (s+D(s"+D

S2sT+D (s+D (2 +D
Resolving into partial fractions, these give

T % i . o 3 . s
¥ T s s 2(s+D 22+ 22+ D)
1 1 3 5

7 BT e et £ — - .
e y s 2(s+D 2(s2+1) 22 +1)

Taking inverse Laplace transforms, there give
x=2+(1/2) 2 + (1/2) e* — (3/2) sint + (1/2) cos t
and y=1—-(1/2) e*+ (3/2) sint — (1/2) cos ¢

Solve the following simultaneous differential equations:
1. Dx+Dy=,D*x—-y=¢",ifx(0)=y(0)=x"(0)=0.
(Meerut 95, Rohilkhand 89)
Ans. x=(1R2)(P+e'+cost+sint)—1,y=1—(1/2) (e* +cost+sint).
2. (dx/dt) + 5x—2_v=t'. (dyldt) +2x+ y=0,if x=y=0whenr=0
(S.V. University (A.P.) 1997)
3. (dx/dt) —6x + 3y =8¢, (dyldt) —2x—y=4€"if x(0) =— 1 and y(0) =0
(S.V. University (A.P.) 1997)

4. d-x+g;v-+3x=15 e"'.d;zy—4£+3y=158in 2z, if x (0) = 35,
di®  dt dr dt

x’(0) =—48, y (0) =27 and y’ (0) = - 55.
Ans. x =30 cost — 15sin 3r -3 e + 2 cos 21,

y=30cos 3r —60sinr—3 e + sin 21.
5. Dx+2D¥%y=¢*, (D+2)x—y=1ifx(0) =y (0)=y(0)=0
Ans. x=1l+e'—e¥—e¥ y=1+et'-be ™ —-ae?,

where a=2-J2)2and b= 2+ J2)2.



